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Abstract 

We compute the Hochschild homology and cohomology, and cycHc homology, of 
almost Calabi-Yau algebras for 5[/(3) AVE graphs. These almost Calabi-Yau alge- 
bras are a higher rank analogue of the pre-projective algebras for Dynkin diagrams, 
which are 5'C/(2)-related constructions. The Hochschild (co)homology and cyclic 
homology of A can be regarded as invariants for the braided subfactors associated 
to the 5C/(3) modular invariants. 

1 Introduction 

The classical McKay correspondence appears in various contexts. It relates finite sub- 
groups r of SU (2) with the algebraic geometry of the quotient Kleinian singularities C^/F 
[33] but also with the classification of SU{2) modular invariants and quantum subgroups 
of SU{2) PIlQllallEaETllIlElllllS]. 

Minimal resolutions of Kleinian singularities can be described via the moduli space of 
representations of the preprojective algebra associated to the action of F [12]. Preprojec- 
tive algebras associated to graphs were introduced in [25] , and it was shown that they are 
finite dimensional if and only if the graphs are of ADE type, that is, one of the simply 
laced Dynkin diagrams. The preprojective algebra A for an ADE Dynkin diagram is a 
Frobenius algebra, that is, there is a linear function / : A — )■ C such that {x, y) := f{xy) is 
a non-degenerate bilinear form (this is equivalent to the statement that A is isomorphic to 
its dual A = Hom(A, C) as left (or right) A-modules). There is an automorphism /3 of A, 
called the Nakayama automorphism of A (associated to /), such that {x,y) = {y,f3{x)), 
which yields an A- A bimodule isomorphism A — )■ lAjj [39]. The Nakayama automorphism 
for each ADE graph was determined in [131 [H] (see also [7]). The preprojective algebra A 
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has a finite resolution as an A-A bimodule, which was used by Erdmann and Snashall to 
determine the Hochschild cohomology HH'{A) of A for the ADE graphs An, along with 
its ring structure |13], and HH'^{A) for the graphs -D„ [H] This finite resolution yields 
a projective resolution of A as an A-A bimodule, which was used by Etingof and Eu to 
determine the Hochschild homology and cohomology, and cyclic homology, of A for all 
ADE Dynkin diagrams [15], along with the ring structure of the Hochschild cohomology 
[T7] . The Hochschild homology and cohomology, cyclic homology, and ring structure of 
the Hochschild cohomology, for the preprojective algebra for the tadpole graphs T„ were 
obtained in [18]. The Hochschild homology and cohomology for the case of the affine 
Dynkin diagrams, which are the McKay graphs for the finite subgroups of SU{2), were 
determined in |11] . 

More generally, one tries to understand singularities via a noncommutative algebra A, 
often called a noncommutative resolution, whose centre corresponds to the coordinate ring 
of the singularity [35]. The algebra should be finitely generated over its centre, and the 
desired favourable resolution is the moduli space of representations of A, whose category 
of finitely generated modules is derived equivalent to the category of coherent sheaves of 
the resolution. In the case of a quotient singularity C^/F for a finite subgroup T of SU (3), 
the corresponding noncommutative algebra A is a Calabi-Yau algebra of dimension 3. 

Calabi-Yau algebras arise naturally in the study of Calabi-Yau manifolds, providing a 
noncommutative version of conventional Calabi-Yau geometry. An algebra A is Calabi- 
Yau of dimension n if the bounded derived category of the abelian category of finite 
dimensional A-modules is a Calabi-Yau category of dimension n. In this case the global 
dimension of A is n [6] . The derived category of coherent sheaves over an n-dimensional 
Calabi-Yau manifold is a Calabi-Yau category of dimension n and they appear naturally in 
the study of boundary conditions of the 5-model in superstring theory over the manifold. 
For more on Calabi-Yau algebras, see e.g. [HI I2B] . 

In [261 Remark 4.5.7] Ginzburg introduced, in his terminology, g-deformed Calabi-Yau 
algebras. In the case where q is not a root of unity, these algebras are Calabi-Yau algebras 
of dimension 3. We study these algebras in the case where g is a root of unity, which 
are the SU{3) generalizations of preprojective algebras for the Coxeter-Dynkin diagrams 
ADE. We call these algebras almost Calabi-Yau algebras. In a recent work [23], we 
determined the Nakayama automorphism for each A'DS graph, and constructed a finite 
resolution of A as an A-A bimodule, see ([5]). 

Our interest in these almost Calabi-Yau algebras came from subfactor theory, and in 
particular, braided subfactors of von Neumann algebras, which provide a framework for 
studying two dimensional conformal field theories and their modular invariant partition 
functions. In the case of Wess-Zumino-Witten models associated to SU{n) at level k, the 
Verlinde algebra is a non-degenerately braided system of endomorphisms n^n, labelled 
by the positive energy representations of the loop group of SU{n)k on a type IIIi factor 
A^, with fusion rules A/x = 0^ which exactly match those of the positive energy 
representations [SB]- The fusion matrices A^a = [Np^p^a- are a family of commuting normal 
matrices which give a representation themselves of the fusion rules of the positive energy 
representations of the loop group of SU{n)k, A^aA'm = J2u -^Xu^t^- This family {A'a} of 
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fusion matrices can be simultaneously diagonalised: 



c 

^afl 



where is the trivial representation, and the eigenvalues Sa,\/Safl and eigenvectors = 
['Sa,^l]^l are described by the statistics S matrix. The key structure in the conformal 
field theory is the modular invariant partition function Z. In the subfactor setting this 
is realised by a braided subfactor N G M where trivial (or permutation) invariants in 
the ambient factor M when restricted to yield Z. This would mean that the dual 
canonical endomorphism is in E(7vA'Ar), i.e. decomposes as a finite linear combination 
of endomorphisms in n'^n- Indeed if this is the case for the inclusion C M, then 
the process of a- induction allows us to analyse the modular invariant, providing two 
extensions of A on TV to endomorphisms af of M, such that the matrix Zx,^ = (a^, a~) 
is a modular invariant [H [3l [20]. The action of the system n'^n on the N-M sectors 
N'^M produces a nimrep (non-negative matrix integer representation of the fusion rules) 
G\Gn = Yliu ^Xu^u, whose spectrum reproduces exactly the diagonal part of the modular 
invariant, i.e. 



with the spectrum of Gx given by Gx = {5'^,a/'S'^,o with multiplicity Z^^^j^} [S], Theorem 
4.16]. 



The systems N'^n, N'^m, M'^m are (the irreducible objects of) tensor categories of 
endomorphisms with the Hom-spaces as their morphisms. Thus N'^n gives a braided 
modular tensor category, and n'^m a module category. 

In our work we have focused on braided subfactors associated to SU{?>) modular 
invariants, which are labeled by a family of graphs which we call the S'?7(3) AT>£ graphs. 
The complete list of the SU{?)) AVS graphs are illustrated in [2U Figures 5-9]. For 
positive integer /c < oo we have a braided modular tensor category n'^n = {-^{^,01 — 
p,l,p + l < k}, a non-degenerately braided system of endomorphisms on a type IIIi factor 
N, which is generated by p = A(i^o) and its conjugate p = A(o,i), where the irreducible 
endomorphisms A(p,/) satisfy the fusion rules of SU{3)k- 

^{p,i) ® P = ^{p,i-i) © -^(p-i,/+i) ffi -^(p+i.O' -^(p,0 ® P — ^{p-i,i) ® ^(p+i,i-i) ffi ^{p,i+i)^ (1) 

where )^{p',i') is understood to be zero if < 0, /' < or + /' > A; + 1. Then a pair 
{Q,W), of a cell system W (see Section [2]) on an SU{3) AVE graph Q with Coxeter 
number /c + 3 yields a braided subfactor N (Z M and a module category N'^Mi where the 
associated modular invariant, labeled by Q, is at level k. For such a braided subfactor, the 
almost Calabi-Yau algebra can be constructed via a monoidal functor F, which is essen- 
tially the module category N'^m, from the yl2-Temperley-Lieb category to the category 
¥vji{is[Xm, n^m) of additive functors from n^m to itself. 

The y42-Temperley-Lieb category constructed in [23] used ideas from planar algebras, 
and in particular, the /l2-planar algebras of [22] (see also an earlier construction of the 
742-Temperley-Lieb category in [10], and of the Temperley-Lieb category in [Ml [38] ). 

For mi,ni > 0, an 742-(m2, ^2), (?tii, ni)-tangle T is a tangle on an rectangle with 
m2 + n2, mi + rii vertices along the top, bottom edges respectively, generated by A2 
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Figure 1: A2 webs 



webs (see Figure [T]) such that every free end of T is attached to a vertex along the top 
or bottom of the rectangle in a way that respects the orientation of the strings, every 
vertex has a string attached to it, and the tangle contains no elliptic faces. We call a 
vertex a source vertex if the string attached to it has orientation away from the vertex. 
Similarly, a sink vertex will be a vertex where the string attached has orientation towards 
the vertex. Along the top, bottom edge the first vertices are source, sink vertices 
respectively, and the last rij are sink, source vertices respectively. Let be 
the quotient of the free vector space over C with basis the /l2-(m2,n2), (mi, ni)-tangles, 
by the Kuperberg ideal generated by the Kuperberg relations K1-K3 [28]. Then at level 
k, the A2-Temperley-Lieb category is defined to be a quotient of the category A2-TL = 
Mat(C'^^) by the negligible morphisms, where C^^ is the tensor category whose objects are 
projections in V(^%)_(^^„) and whose morphisms are Hom(pi,p2) = P2V(t?2,n2),{rm,ni)P^^ 
projections Pi G V(^'^,„^),(^^,,^), z = 1,2. We write A2-TL(^,,) = V(^'^„)^(„^„), and p,p for the 
identity projections in A2-TL(i 0), v42-TL(o,i) respectively consisting of a single string with 
orientation downwards, upwards respectively. Then the identity diagram in A2-TL(^m,n), 
given by m + n vertical strings where the first m strings have downwards orientation and 
the next n have upwards orientation, is expressed as p^ff'. It is a linear combination of 
simple projections /(j^j) for j > 0, < i + j < m + n such that i — j = m — n mod 3, 
and a simple projection f{m,n), where /(i,o) = P, /(o,i) = P and /(o,o) is the empty diagram. 
The morphisms f^p^i) = id/^^jj are generalized Jones- Wenzl projections. The /(p^^) satisfy 
the fusion rules for SU{3) [23] : 

f{p,i) ® P = f{p,i-i) © /(p-i,«+i) © /(p+1,0' f(p,i) © P - © f{p+i,i-i] © /(p,/+i)- (2) 

At level k, the negligible morphisms are the ideal (f(p,«)|p + I = k + 1) generated by 
f(p^;) such that p + l = k + 1. The y42-Temperley-Lieb category is the quotient A2-TL^'^^ := 
A2-TL/ {f{p,i)\p + I = k + 1), which is semisimple with simple objects /(p,z), p,l > such 
that p + l < k which satisfy the fusion rules ([T]) of SU{3)k, that is we have ([2]) where f{p\i') 
is understood to be zero if p' < 0, /' < or p' + Z' > k + 1. The /l2-Temperley-Lieb category 
A2-TL^^) may be identified with the braided modular tensor category n^n, where the 
object /(p^i) G A2-TL^''^ is identified with A(p^i) G n^n- 

Then the monoidal functor F is given on the simple objects /(p^/) of A2-TL^''^ by 

FifiP,i))= Ga^„,(^,j)Q„ (3) 

where Cjj are 1-dimensional R-R bimodules, where R = {CQ)q. The category of R-R 
bimodules has a natural monoidal structure given by The functor F is defined on the 
morphisms of A2-TL^''^ using the cell system W and the Perron-Frobenius eigenvector of 
g, see [231 Section 2.9]. 
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If denotes the opposite graph of Q obtained by reversing the orientation of every 
edge of Q, we have that F{p"^p^) is the R-R bimodule with basis given by all paths of 
length m + n on Q, where the first m edges are on Q and the last n edges are on 
In particular Fi^p^) = {CQ)m, so that we have the graded algebra 0^ F{p"^) = (CQ), the 
path algebra of Q. The endomorphisms p"^ are not irreducible however, but decompose 
into direct sums of the generahzed Jones- Wenzl projections /(p,o)- The natural algebra 
to consider is thus the graded algebra S = -^'(/(j.o)), where the p^^ graded part is 
Sp = F(/(p^o))- The multiplication p is defined by pp^i = F(f(p+/^o)) : ®i? ^p+i, 
where f(p^;) = id/^^ . The graded algebra S is isomorphic to the almost Calabi-Yau algebra 

A = A{g,w) pM'[23]. 

In Section [2] we introduce the almost Calabi-Yau algebra A = A{Q, W) for a pair 
{Q, W) of a cell system W on an SU (3) AVS graph Q. Then in Section 12.11 we deter- 
mine a periodic projective resolution of A as an A-A bimodule, starting from the finite 
resolution of A determined in [23| Theorem 5.1], which will be used to determine the 
Hochschild (co)homology and cyclic homology of A in Sections [3}|H In Section [XT] we use 
the projective resolution determined in Section 12.11 to construct a Hochschild homology 
complex for A, and introduce the cyclic homology of A in Section 13.21 We then deter- 
mine the Hochschild and cyclic homology of A in Sections I3.3H3.5I for the graphs A^'^\ 
n = 4, 5, 6, 7, ©(3^+3)^ j^yi^ ^(n)*^ n>5, V^^^> , k > 2, and £^^>. Finally in Section 
m we construct a Hochschild cohomology complex for A and use this to determine the 
Hochschild cohomology of A in the cases listed above. 

The Hochschild (co) homology and cyclic homology of A can be regarded as invariants 
for the braided subfactors associated to the SU{3) modular invariants. Beginning with 
a pair {G,W) given by a cell system W on an SU{3) AVS graph Q, we construct a 
braided subfactor N G M which yields a nimrep which recovers the graph Q as described 
above. Then we can construct the algebra A{Q, W) whose Hochschild (co)homology and 
cyclic homology only depends on the original pair {Q, W), or equivalently, on the braided 
subfactor N C M. 

2 Almost Calabi-Yau algebras 

Let ^ be a finite directed graph, and denote by Qn the set of all paths on Q of length 
n. The vertices of Q are the paths of length 0. If a G Qi is an edge on Q, we denote 
by a G Q"^ the corresponding edge with opposite orientation on The path algebra 

= 0fclo(*^^)fc graded complex vector space with basis of the fc'^'^-graded part 

{CQ)k given by Q^, where paths may begin at any vertex of Q. Multiplication of two 
paths a G {CQ)k and b G (C^); is given by concatenation of paths a ■ b E {CQ)k+i (or 
simply ab), with ab defined to be zero if r(a) 7^ s{b), where s(a), r(a) denotes the source, 
range vertex respectively of the path a. The commutator quotient CQ/[CQ,CQ] may 
be identified, up to cyclic permutation of the arrows, with the vector space spanned by 
cyclic paths in Q. Let da : CQ/[CQ, CQ] — )■ CQ be the derivation given by da{ai ■ ■ ■ an) = 

Oj+i ■ ■ ■ a„ai ■ ■ ■ flj-i, where the summation is over all indices j such that aj = a. Then 
for a potential $ G CQ/[CQ, CQ], which is some linear combination of cyclic paths in Q, 
we define the algebra A{CQ, $) = CQ/{da^}, which is the quotient of the path algebra by 
the two-sided ideal generated by the relations 9^$ G CQ, for all edges a of Q. The Hilbert 
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a a 

Figure 2: Cells associated to trivalent vertices 



series Ha for A{CQ,^) is defined as HAif) = YlkLo^ji^''^ where the Hj^ are matrices 
which count the dimension of the subspace {ixj \ x G A(C^, $)fc}, where A(C^, is the 
subspace of A{<CQ, $) of all paths of length /c, and i, j G A(C^, $)o. 

Ocneanu [21] defined a cell system W on any S'f/(3) ^X'f^ graph Q, associating a 

complex number W ^Aj-"'^'^^^, now called an Ocneanu cell, to each closed loop of length 

three A^"'^*^^ in Q as in Figure [2], where a, 6, c are edges on Q, and i,j,k are the vertices 
on Q given by z = s(a) = r(c), j = = r(a), = s(c) = r{h). These cells satisfy 
two properties, called Ocneanu's type I, II equations respectively, which are obtained by 
evaluating the Kuperberg relations K2, K3 for an /l2-spider [28] using the identification 
in Figure |2) 

(i) for any type I frame **=i=--' in Q we have 

fc, 61,62 



(ii) for any type II frame * »^ ' in ^ we have 

^a\,a4,^a2,a'i4'iA4'ii4'i'2 ~^ ^ai,a2^a3,a4 0ji0j2'/'i3 

Here {(t)v)v is the Perron- Frobenius eigenvector for the Perron-Frobenius eigenvalue a = 
[3]q of Q. The existence of these cells for the finite AVS graphs was claimed by Ocneanu 
|31j . and shown in [21] with the exception of the graph £^4 . These cells define a unitary 
connection on the graph Q which satisfy the Yang-Baxter equation [211 Lemma 3.2]. 

Two cell systems Wi, W2 on an SU{3) AVS graph Q are equivalent if, for each pair 
of adjacent vertices i, j of Q, we can find a family of unitary matrices {u{a,b))afi, where 
a, b are any pair of edges from i to j, such that 

W^(A5;:r^)= E «(ai,«i)«(a2,4)«(a3,4)H^(A5^J;3))^ 

where ai are edges from ii to and the sum is over all edges from z; to z^+i, / = 1, 2, 3. 

There is up to equivalence precisely one connection on the graphs A^"'\ ^(2m+i)*^ ^(8)^ 
g{s)*^ £^12) £(24) _ Pqj, |-]^g graphs ^(2"^)* and 82^^^ there are precisely two inequivalent 
connections, which are obtained from each other by a Z2 symmetry of the graph. This 
Z2 symmetry is the conjugation of the graph in the case of £^2^^^ There is at least one 
connection for each graph T>^'^\ m ^ mod 3, and at least two inequivalent connections 
for each graph T>^^^\ which are the complex conjugates of each other. There is at least 
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one connection for each graph p(2m+i)*^ g^^d at least two inequivalent connections for each 
graph p^^*")*, which are obtained from each other by a Z2 symmetry of the graph. There 

(12) 

are also at least two inequivalent connections for the graph , which are obtained from 
each other by conjugation of the graph. 

For the SU{3) AVE graphs, we define the almost Calabi-Yau algebra A{Q, W) to be 
the graded quotient algebra 

A{g,W) := v4(C6?,$iy), 
where the potential $vk is given by [231 equation (40)] (see also [261 Remark 4.5.7]): 

= Y,^^^abc)Kbc e cg/[cgxQ], 

abc 

where the summation is over all closed paths abc of length 3 on ^. The grading on Cg 
descends to the quotient algebra A = A{g,W). These almost Calabi-Yau algebras were 
studied in [23] for all the cell systems constructed in [21]. Equivalent cell systems yield 
isomorphic almost Calabi-Yau algebras. For any cell system W, we can take its complex 
conjugate W to obtain another (possibly equivalent) cell system. The almost Calabi-Yau 
algebra for W is isomorphic to that for W. The conjugation r : n^n — ^ N'^n on the 
braided system of endomorphisms of SU{3)k on a factor A^, given by the conjugation 
on the representations of SU{3), induces a conjugation r : N'^m — ^ N'^m such that 
Gj = tGxt, where G\a = Xa for A G N'^n, cl G n^m- For any cell system W = W~^, this 
conjugation of the graph yields a conjugate cell system W~, which might be equivalent 
to W~^. The almost Calabi-Yau algebra for W~ is anti- isomorphic to that for W~^. 

The Hilbert series HAif) of A{g,W), for an SU{3) AVE graph g with adjacency 
matrix Ag, Coxeter number h = k + 3 and cell system W , is given by [231 Theorem 3.1] 

= l-A,i + Afi^-i3 . (4) 

where P is the permutation matrix corresponding to a Z3 symmetry of the graph. It 
is the identity for V^'^\ n > 5, E^^> , Ei^^\ I = 1,2,4,5, and E^'^^\ For the 

remaining graphs A^'^\ pC'^)* and E^^\ let V be the permutation matrix corresponding to 
the clockwise rotation of the graph by 27r/3. Then 

( for ^('^),n>4, 

P = } V for 

[ for pW^n > 5. 

The numerator and denominator in (jll) commute, since any permutation matrix which 
corresponds to a symmetry of the graph g commutes with Ag and Ag. 

2.1 Periodic resolution for almost Calabi-Yau algebras 

We define a non-degenerate form on A by setting / to be the function which is on 
every element of A of length < h — 3, and 1 on Ui^(j) for some i G ^1, where itjv(j) 
denotes a generator of the one-dimensional top-degree space j ■ Ah^s ■ i^ij), where u is the 
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permutation of the vertices of Q given by the permutation matrix P in (jlj). Then using the 
relation (x, y) = {y, (3{x)) this determines the value of / on Uj^i^j), for all other j E Qi. We 
normalize the Ujyi^j) such that f{uj^(^j)) = 1 for all j E Qi. The image of the simple object 
f{k,o) ^ A2-TL^^'> under the functor F given by ([3]) defines a unique permutation u of the 
graph Q, which is described as follows. The permutation v of the graph is given by the Z3 
symmetry which defines the permutation matrix P in (j4]) (note that there are no double 
edges on the graphs Q for which P is non-trivial). Then the Nakayama automorphism (3 
of A is defined on Q hy (5 = v [23l Theorem 4.6]. 

Now A has the following finite resolution as an A-A bimodule [231 Theorem 5.1]: 

^ J\f[h] ^A®s ^[3] ^ A®sV®s A[l\ ^ A®sV ®s A A®s A !^ A ^ (5) 

Here S is the A-A bimodule (C^)o, and V , V are the A-A bimodules generated by Qi, 
Qi^ respectively. The A-A bimodule N' = lAj^-i is equal to A as a vector space. The 
left A-action is given by concatenation, but the right A-action is twisted by the inverse 
of the Nakayama automorphism (3, i.e. a ■ x ■ b = ax/3~^{b) for all a,b E A, x E Af . The 
connecting A-A bimodule maps are given by 

/io(l®l) = 1, (6) 
/ii(l®a0l) = a®l-l®a, (7) 

/i2(l®a®l) = ^ Wabb'{b®b' ®l + l(E)b(db'), (8) 
/i3(l(g)l) = ^a®a®l-^l®a®a, (9) 

i 

where {wj} is a homogeneous basis for A, and {w*} is its corresponding dual basis, i.e. 
WjW* = Uiy{i) where i = s{wj). The A-A bimodule B = B^^'^ ®s " " " ®s B^^^ is equipped 
with the total grading which comes from the grading on the graded A-A bimodules B^^\ 
that is, B = ®Zo Bk where B, = 0,^^^.^^ B^ ®s ■ ■ ■ <^ • 

For each SU{3) AVS graph, the Nakayama automorphism has order 3, (3^ = id, so we 
can make a canonical identification A = J\f ®aJ^ '^aJ^- We let A/'*-'^^ := lAjj-k, for /c G Z. 
In particular, we have A = J\f^^\ M = J\f^^^ and A/"^^^ = = A/" 'S)a A/". Note that for 
graphs with trivial Nakayama automorphism, A = A/''-'^^ as A-A bimodules, for all k E I1. 

Applying the functor — ® ^ A/" to the exact sequence ([5]) we obtain the exact sequence: 

0^X^^)[2h] ^ A®sAf[h + 3]^ A^sV ®sAf[h + l] ^ A^sV ®sAf[h] 

^ A®sAf[h]^Af[h]^0, 

where Li{x <S> y) = xy, ^2(0) = O'Ylij'^j ® where {wj} is a homogeneous basis for A 
and {w*} is its corresponding dual basis, and = /Xj. Similarly, applying the functor 
a second time we obtain the exact sequence: 

^ A[3h] ^A®s A/"^'^ [2/i + 3]''-^ A®sV ®s A/"^'^ [2/i + 1]''-^ A®sV ®s A/"^'^ [2/i] 

4 A®5Ar(2)[2/i] 4Ar(2)[2/i] ^0. 
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We now construct a projective resolution of A, that is, a resolution of A by projective 
modules. Setting /i4 = lqLi, fig = i2hi we obtain the following projective resolution of A, 
which is periodic with period 12: 

• ■ • ^ A[?,h] ^-^ A®s A/"^'^ [2/i + 3] '^M ®5 \/ ®5 Ar(2) [2/i + i] A ®5 ®5 A/'(2) [2h] 

A^s^'^^^W^ A®s^[h + ^]'-^ A®sV ®s^[h + l]'-^ A®sV ®s^[h] 
^ A®s^[h]^ A®sA[?>] ^ A®sV ®sA[l] ^ A®sV ®s A ^ A®s A ^ A ^ 

(10) 

where the connecting maps Hi are given by ©-Q for < z < 3, ^i4,{x®y) = xy J2j Wj®w*, 
where {wj} is a homogeneous basis for A and {w*} is its corresponding dual basis, and 
/ij = /Xi_4 for z > 5. 

Thus we find that the Hochschild (co)homology of A is periodic with period 12, i.e. 
the grading is shifted by 3/i (— 3/i) when the degree of the homology (respectively coho- 
mology) is shifted by 12. In the case of trivial Nakayama automorphism the Hochschild 
(co) homology of A in fact has period 4. 

3 The Hochschild homology of A[Q^ W) 
3.1 The Hochschild homology complex 

In this section we will construct a complex which determines the Hochschild homology of 

the almost Calabi-Yau algebra A = A{Q, W). 

Let A°^ denote the algebra with opposite multiplication, i.e. a ■ b = ba, and define 
= A°^ ®5 A. Any A- A bimodule becomes a left A^-module, and vice versa, by defining 

the left action of A'^ on A by {a® b)x = bxa for all x E A, a b E A°^ (g>5 A. 

The Hochschild homology HH,{A) of A may be defined to be the derived functor 

HHn{A) = Torf (A,A), e.g. ^ Proposition 1.1.13], i.e. as the homology of the complex 

> P2 ® A<= A-i- Pi (8)A- A-i- Po iS)A- A-^ A A-)-0 

where ■ ■ ■ ^ P2 ^ Pi ^ Po ^ A ^ is any projective resolution of A. 

For an A-A bimodule M, denote by the S'-centralizer sub-bimodule given by all 
elements x E M such that ix = xi for all i E S. We make the following identifications, 
for = 0,1,2 (c.f. [IS]): 

{A ®s Ar(^^) A = (TV^'^))^ : (x0y)®z = yl3-''{zx), 

[A (g)s V (g)s A/'^'')) (g)A- A = {V(g)s Af^^'^)^ : [x (g) a (g) y) (g) z = a (g) y(5--^{zx), 

{A ®s V ®s A/'^''^) ®A- A = {y (gs M'^^^Y ■ {x(ga(gy)(gz = a(g y(3-^{zx), 

where the left and right hand sides have the same total degree. Thus, applying the functor 
— ®A<! A to the resolution ( ITOj) . we obtain the Hochschild homology complex: 

• ■ ■ -> A^[3h] ^ (Ar(2))S[2/i + 3]'h{V ®5 Ar{2))5[2/i + 1] {V ®s Ar(2))5[2/i] 
4 (Ar{2))5[2/i] 4 AfS[h + 3] ^ (V' ®5 Aff[h + l]!i{V ®5 Af)'[h] 

^ Af'ih] ^ A3[3] ^ (V ®5 ^)''[1] ^ (V (gs A)' ^A'-^O, (11) 
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where the connecting maps are given, for /c = 0, 1, 2, . . . by 

Ai4fc+i(a (g) x) = /i4fc+i(l (g) a (g) 1) (8)^e = (a (g) 1 - 1 (g) a) (g)A<= /3''(x) 
= xl3~^{a) — ax, 

/^4fc+2(^®^) = /i4fc+2(l ® a fg) 1) fglA-^ /^''(a;) 

= Wabb'ib' 0xf3-\b) + b®b'x), 

b,b'&Gl 

/^4fc+3(^) = /i4fc+3(l ® 1) /^''(x) = ^ a (g) a® 1 - 1 (g) a® a j (g)A<= 
= g (g) (x/3~^(a) - ax), 

/^lfc+4(l/) = /i4fc+4(l ® 1) /^'''"'(y) = ® W*^ /3''+'(2/) 

j 

where a e 1/, x G A^^^^, y G A/'('=+^), {tfj} is a homogeneous basis for A and {w*} is its 
corresponding dual basis. 

We will now show that this complex has a self-duality. Using the non- degenerate form, 
we can make the identifications A/'^'^^ = {J\f^'^~''^)*[h — 3] by sending x t— )■ (— ,x). We can 
define a non-degenerate form on {V (BV) ^s-^^'^^ by (ai (g)Xi, 02^X2) = 5a^_^fc-i(5j)(xi, X2) 
for xi G 7Vr(2-'^), ^ ^(fc)^ g^^^ g ^2 G ^2, where Vi G {V", i/}, i = 1, 2. For the ^* 
graphs, V = V and we replace © V) ®s ■^^'^^ above by V (g)^ A/''-^^ This allows us to 
make identifications \/(g)5ArW = (^V(^s^f^^'''^y[h-l], V(^s^f^^^ = {V 0s^^^~''^y[h-l], 
by sending a (g) x H- (— , a (g) x). 

If we take the Hochschild homology sequence (ITT]) and dualise, we get: 

. . . (^jl^* A^[-3h] ^'i^^* {V ®5 A)^[-3/i] ^'^k^' (V ®5 A)^[-3/i + 1] ^f-* 
^i^* A^[-3h + 3] ^1^* Ar^[-2/i] (\/ ®s^ff[-2h] ^f^' 
^i^' (V ®5 ^f)'[-2h + 1] A/'^[-2/i + 3] (Ar(2))5[-/i] ^1^1* 
^f^' [V^s^^^^'fhh] ^1^* (v®5Ar(2))^[-/i + l] ^'^1* (Ar(2))^[-/i + 3] ^0. 

Proposition 3.1 VFe /iat'e /i- = ±(/i']^2-i)*' = 1, • • • , H- 
Proo/: (i) fi[ = -(/i'n)*: Let a G V, x G A and y G Af^'^l Then 

(/i'i(a(g)x),?/) = (xa-ax,?/) = (x,a?/-y/3(a)) = (a(g)x, -^6(g)(?//3(6) -%)) 

beGi 

= {a(g) x,-iJ,[^{y)). 
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(ii) = (/i'lo)*: Let a,a' eV , x e A and y E A/'^^^ Then 
(/X2(a® x),^'® = Wabb'ib' ^xb + b^b'x),a' (Sy) 

= ^c^ba'Xb + J2 Waa'b'b'x, y) = (x, ^ Waba'by + ^ Vraa'fc'|//3(&')) 

= (a(8)x, ^ Wb'ba'ib' ^by + b^yf3{b')) = (a^x,fi[f){a' ^y)). 

(iii) /i^ = -(/ig)*: Let a' G 1/, x G A and y G A/'^^). Then 

{^'■^{x) , a' ® y) = (^^^ g {xa — ax), a' ®y) = {xa' — a'x, y) = (x, a'y — yf3{a')) 

= (x, -/i'9(a'® y)). 

(iv) ^'^ = (/i^)*: Let X G A/" and ?/ G A/'^^^. Then 

Mx),y) = {Yw*P{x)wj,y) = {YwjX(5'^{w*),y) = {x,'^ P^{w*)yP{wj)) 

3 3 j 

= (x,^i/;;/3(2/)/3>,)) = (x,/i'8(y)), 

j 

where the second equahty holds since if {w*} is a dual basis of {wj}, then {wj} is a 
dual basis of and J2j'^jf^i^)'^3 = = Xlj unless |x| = such that 

/3(x) = X. The penultimate equality is given by replacing the basis with the 

equivalent basis {w*}, and the fact that J2j P'^{.'^*j)yP{.'^j) = = J2j'^jf^iy)f^'^{'^j) unless 
\y\ = such that = y. 

(v) /i's = -(/i'r)*: Let a G and x,y eAf. Then 

(/i5(a(8)x),y) = {xl3^{a) - ax,y) = {x,l3'^{a)y -yl3{a)) 

= {a(^x,-J2b(^{y(3\b) -by)) = {a ® x, -fi'^iy)). 

beGi 

(vi) /ig = (/ig)*: Let a, a' G and x, y G A/". Then 

(/ig(a(g)x),a' b'x), a' (g) ?/) 

= Waba'XP^b) + ^ Waa'b'b'x, y) = (x, Waba' {b)y + l^aa'fe'2//3(&')) 

beSi b'eGi beGi b'egi 

= (a®x, ^ Wb'ba'ib' ^by + b^yf3'^{b')) = (a^x,fiQ{a' ®y)). 

Note however that (/i'12)* = yu'^g ° Z^- Let x, y G A. Then 

(/x;2(x),y) = (Y'^^mPM^y) = (/3(x),5^/3K)2//3K)) = {x,Y^3P'iyH) 
3 3 3 

= {x,J2^*(3'{y)/3iw,)) = {x,fx[,i/3iy))), 
3 
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where the penultimate equahty holds since if {w*} is a dual basis of {wj}, then {/3{wj)} 
is a dual basis of {w*}. 

From the self-duality of the Hochschild homology complex ( 1TT|) and (Ai'12)* = Ai'12 ° (^y 
we have 

= Mn-.(^)[3/i], ^ = 1,...,10, 

HHniAY = HHu{A)[6h]. 

The reduced Hochschild homology HH,{A) is defined as HHq{A) = HHq{A)/S and 
M„(A)=M„(A),n>0. 

3.2 The cyclic homology of A{g, W) 

Before we determine the Hochschild homology of A{Q, W) for certain SU{3) AT>£ graphs, 
we introduce cyclic homology. We begin by introducing the differential graded algebra 
Vt*A of non-commutative forms of A, and the non-commutative de Rham homology. 

The A-A bimodule VL^A of non-commutative relative 1-forms on A is defined as the 
kernel of the multiplication map A ®s A ^ A. The differential graded algebra VL'A of 
non- commutative forms of A is obtained by taking tensor powers of VL^A. The graded 
commutator in VL'A is given by [uj.oj'] = ujuj' — (— l)!"^!!" Icu'cu, where |a;| = n denotes the 
homological degree of cu G The reduced non-commutative de Rham homology of A 

is defined by 

HDRn{A) := Hn{Sl*A/{S +[9'A,Q.*A]),d), 

where the natural differential VL'A — )■ VL'^^A descends to a de Rham differential on 
fiM/(5+ [fiM,(]M]). 

Since A is an augmented S-algebra, i.e. Aq = S and there is an augmentation : 
A ^ S such that </3(l) = 1, by the non-commutative Poincare lemma [27j (see also [SOj 
Lemma 4.5]), HDRn{A) = HDRn{S) = for all n. Thus, from [Ml Lemma 3.6.1], there 
is an exact sequence 

— y llHo{A) ITHi^A) ITH2{A) Mo(^) — >■■■ (12) 

where B is the Connes differential, which is degree-preserving, and the reduced cyclic 
homology of A can be defined by 

HCniA) = kei{B : TlHn+M) -> HHn+2iA)) = lm{B : M„(A) ^ ITHn+M)). 

The usual cyclic homology is related to the reduced cyclic homology by HCq{A) = 
HCo{A)/S and HCniA) = HCniA), n>0. 

The (graded) Euler characteristic of the reduced cyclic homology is the polynomial 
in t defined by X/?c(yi)(^) ~ X]i^o(~-'-)*-^i?c,(A)(^)- turns out to be easier to de- 
scribe the Euler characteristic of Sym(ifC(y4))+, where if Xi7c(yi)(^) ~ YlT=o^kt^ then 
Xsym(7?c(yi))+(^) = rifclill ~ t'^)"'''- In [m Prop. 3.7.1] it was shown that for A the 
preprojective algebra of a non-Dynkin quiver, 

00 00 

l[il-t'')-^>^ = l[detHAif), (13) 

fc=l s=l 
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where HA{t) is the Hilbert series of A. The result f|T3|) was extended to the case where A is 
a Calabi-Yau algebra of dimension 3 in [261 Prop. 5.4.9]. In the case when A is the almost 
Calabi-Yau algebra A = A{g, W), the differential graded algebra D. = Ts{V ®V* ® S*) 
in [2S1 Prop. 5.4.9] is no longer exact. However, we can build a larger free differential 
graded algebra 2)', by adding generators x„ e 2)^ whose images under the differential 
give a basis for for each n > 0. These generators lie in degree nh, where h is 

the Coxeter number of Q. Then D', gives a free resolution of A, and a correction term 
corresponding to the numerator 1 — Pt^^ of HAit'^) appears in the formula (fT3!) . Thus the 
result (flS]) holds for the almost Calabi-Yau algebra A = A{Q, W) (c.f. [15], Lemma 4.4.1] 
in the case where A is the preprojective algebra of a Dynkin quiver). 

3.3 HHo{A) for A = A{g, W) 

In this section we compute the zeroth Hochschild homology HHq{A) = ker(/iQ)/Im(/x'^) = 
y4/[yl, A] for the simplest graphs, namely the graphs A^'^\ n > 4, ^(^fc+s)^ k > 1, A^'^^*, 
n > 5, V^''>, n > 5, ^^^^ and £^^>. 

For a graded algebra B = 0^0-^^' ^+ denote the positive degree part 5+ = 
-Bfe. For any a,h E Aj^ such that r(a) = s{h) and s(a) 7^ r(6), [a,h] = ah, thus 
any non-cyclic path ah is in [A, A]. For a,h E A_^ such that r(a) = s(6) and s{a) = r{h), 
[a, h] = ah — ha, thus cyclic paths are equivalent in A/ [A, A] if one is a cyclic permutation 
of the other. Thus to determine A/ [A, A] we first consider all cyclic paths in iAi for some 
i ^ Qo, then consider all cyclic paths in jAj which do not pass through the vertex i ^ j, 
for some j G Qo, and so on. Note that 5* ^ y4/[y4, A] since = for all i,j E S and 
[a, h] C v4+ if either a or 6 have non-zero length. 

3.3.1 The identity graphs 

The unique cell system W (up to equivalence) was computed in flTX Theorem 5.1]. For 
the graph A^"'\ n > A, the space of cyclic paths (0, 0)y4_|_(0, 0) = 0. Thus for any vertex 
i 7^ (0,0), any cyclic path x G lAj^i which passes through (0,0) is a cyclic permutation 
of a cyclic path x' G (0, 0)A+(0, 0). Similarly, any cychc path x G lA^i which does not 
pass through (0, 0) can be transformed by a combination the relations in A and cyclic 
permutations to a cyclic path x' G (0, 0)A+(0, 0). Thus any cyclic path x G lAj^i will be 
zero in A/ [A, A], and we obtain 

HHq{A) = S. (14) 

3.3.2 The orbifold graphs 

We now consider the graphs k > 1, which are Za-orbifolds of A^'^''^^\ The 

graph T)^^^ is illustrated in Figure [31 The weights W{A) for ^(^fc+s) invariant under 
the Z3 symmetry of the graph given by rotation by 27r/3. Thus there is an orbifold 
solution for the cell system W on where the weights W{A) are given by the 

corresponding weights for ^(^fc+s) j^TJ Theorem 6.2]. More precisely, excluding triangles 
A which contain one of the triplicated vertices {k,k)i, the weight W {/Xi^^i^^i.^) for the 
triangle Aj, j, = «i — )■ ^2 — ^3 — ^ ii on r)(3A;+3) jg gjygj^ ^j^g weight WiA.(o) .(i) .(2)) = 

iy(A.(i) .(2) .(0)) = iy(A.(2) .(0) .(1)) for where if \ if\ if^ are the three vertices of 

*1 '*2 '*3 *1 '*2 '*3 
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^(3fc+3) ^Yiich are identified under the Z3 action to give the vertex ii of V^'^''~^^\ I = 1,2, 3. 
If for a triangle Aj^ jj^jg on there is no choice of vertices 4"'^\ 4"*^^ ^(3^+3) 

which he on a closed loop of length three then we have 

W{Ai-^^i2^i^) = 0. The weight W{A) for a triangle A which contain one of the triplicated 
vertices {k, k)i is just given by one third of the weight for the corresponding triangle on 
^(3fc+3)^ Thus the relations for 'D(3fc+3) 

are given precisely by the relations for A^'^''~^^\ 
except for the relations p^, py, which involve the triplicated vertices {k, k)i. 

Any cyclic path on ^(3fc+3) yjgifjg cyclic paths on D(3fc+3) ^yy the above orbifold 
procedure. These cyclic paths will be zero in A/ [A, A\, except for those which pass along 
the double edge of D(3fc+3) _ although these paths can be made to pass through (0, 0) in 
A' /[A', A'] for A' = A{A'^^''+^\W), when we do this for A = A{V'^^''+^\W) we obtain 
a cyclic path which passes through the vertex 1 of D(3fc+3) corresponds to (0, 0) 

on A^^''~^^\ but also a linear combination of cyclic paths which do not pass through the 
vertex 1, due to the fact that relations involving the double edge are not of the form 
X = Xx' for basis paths x, x' G A. There are also cyclic paths in A which do not come 
from cyclic paths in A by the orbifold procedure. These paths must necessarily pass 
along the double edge (7, 7') of T)^^''~^^\ Using the relations in A and cyclic permutations, 
we can transform any such cyclic path, necessarily of length 3j, j G N, due to the 
three-colourability of 'D(3fc+3)^ ^ linear combination of cyclic basis paths [(^i«2^i^i)"']; 
/ = 1,2,3, where ii = 5(7), ^2 = ''^(7)5 ki := {k,k)i, and denotes the path xx---x 
(m times). These basis paths are not equivalent in [A, A], except when j = k where 
[{iii2kiii)''] = [{iii2k2ii)''] = [(«i«2A;3«i)1, thus 

HHo{A) = S®C, (15) 

where the graded vector space C = 0*^Zi 0f=i C[(iiZ2^i^i)''] © C[(iii2^i^i)^], and has 
Hilbert series Hc{t) = E^^lJ 3^^^ + 

3.3.3 The conjugate A* graphs 

The unique cell system W (up to equivalence) was computed in [21], Theorems 7.1, 7.3 & 
7.4], and we use the same notation for the cells here. The A^"'''* graphs are illustrated in 
[2TI Figure 11]. We illustrate the cases n = 7, 8 here in Figure HI The numbering of the 
vertices of ^(2™+i)* that we use here is the same as that in [23], but the reverse of that 
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Figure 4: Graphs A^''>, ^(^^ Figure 5: Graphs P^^)* 

used in [21]. The relations in A{A^"'^*, W) are 

W^n2[121] + l^iii[lll] = 0, 
Wp-i,p,p[p{p - + Wp,p,p[ppp] + Wp,p,p+i[p{p + l)p] = 0, (16) 
Wp,p,p+i[pp{p + 1)] + Wp,p+i,p+Mp + l){p+ 1)] = 0, (17) 
[{p + l)pp] + Wp 

,p+i,p+i 

[{p + l)ip+l)p] = 0, (18) 

where p = 2, . . . , r — 1 in ( fT6l) . and p = 1, ... ,p' in (fTTl) . ( fTSi) . where r = [(n — 1)/2J , 
p' = r — 1 for even n, and p' = r — 2 for odd n. For even n we have the extra relation 
Wr-i,r,r[i^if' — 1)^] + W^r,r,r ['"?'^] = 0, and for odd n we have the extra relation [r(r — l)(r — 
1)] ='[(r - l)(r - l)r] =0. 

We first consider the even case n = 2m + 2. Clearly all loops [pp] of length 1 are 
in yl/[A,y4], p = l,...,m. Let := dim(p/l;p). From the Hilbert series for A, we 
see that rff^ = d^f^^^ = p = 4m-2fc-i = 4m-2fc-2 if P < or p > m - A: + 1, and 
4fc = = k + 1 = 4„_2fc_i = 4m-2fc-2 if A; + 1 < p < m - /c, for 2/;; < m - 1. 

Then dim(ylffc) = dim(Affc+i) = (A; + l)(m - A;) = dim(v4f^_2fc_i) = dim(AL_2fc_2) for 
2fc < m - 1. 

Each commutator of the form [[/(/ + 1)], [(/ + 1)/]] = [/(/ + 1)/] - [(/ + l)/(/ + 1)] yields 
a relation between linearly independent paths of length 2 in A/ [A, A], / = 1, . . . , m — 1. 
There are m — l such relations, thus the dimension of (^/[A, A])2 is 2(m — 1) — (m — 1) = 
m — 1. Similarly the dimension of (yl/[y4, y4])3 is m — 1. Each commutator of the form 
Cp = [[{p - l)ppp\, [p{p - 1)]], p = 2,...,m,andC'p= [[{p - l)p{p + 1)], [{p + l)p{p - 1)]], 
p = 2, . . . , m—l, yield relations between linearly independent paths of length 4 in A/[A, A]. 
There is one basis path in lAfl, which we may take to be [11111]. Let Wi denote the 
basis element given by its image in A/ [A, A]. Since d^ = 2, the dimension of 2ylf2 
is 2. However, the basis can be chosen such that one of the basis paths is identified 
with Wi in 74/[A, A] by C2, thus we obtain one new basis path W2 G (^/[A, 74])4, which 
may be chosen to be [22222]. Similarly, the dimension of pAfp is 3, p = 3, . . . , m — 2, 
and the basis can be chosen such that two of the basis paths are identified with linear 
combinations of wi, W2, • • • , Wp-i in ^/[-A, A] by Cp and Cp. Thus we obtain one new basis 
path Wp e (^/[^, for each p = 3, . . . , m — 2, which may be chosen to be [ppppp]. The 
dimension of (m — l)Af{m — 1) is 2, but by Cm-i, C^-i such path can be identified 
with a linear combination of Wi, W2, ■ ■ ■ , Wm-2 in ^/[^! ^]- Similarly the single basis path 
in mAfm can be identified with a linear combination of Wi,W2, ■ ■ ■ ,Wm-2 in ^/[^!^]- 
Thus we obtain a basis {wi, . . . ,Wm~2} for (y4/[y4, y4])4. By a similar argument, we see 
that the dimension of (A/ [A, A])k is m — lk/2\ for all k = 0, 1, ... , 2m — 1, with basis 
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paths [ppp ■ ■ - p], for p = 1, . . . ,m — lk/2\. Thus 

HHo{A) = S®C, (19) 

where the graded vector space C has Hilbert series Hcif) = X]j=T^("^ ~ Lj/^J)^''- 

We now consider the odd case n = 2m + 1. Again, all loops \pp] of length 1 are in 
A/[A, A], this time for p = 1, . . . , m — 1 (note that there is no edge from vertex m to m 
on 

^(2m+i)*^_ From the Hilbert series for A, we see that is given by the same formula 
as for the even case n = 2m + 2, for 2/c < m — 1, whilst (ij^+i = p = d^rn-2k-2 if P ^ k 
or p > m — k, (igfe+i = k + 1 = c?2m-2fc-3 if^ + 1 < m — k — 1, and c?^_,_i = 0, for 
2k < m-2. Then dim(Af;.) = {k + l){m - k) = dim(Af„_2fc_2) for 2A; < m - 1, and 
dim(/lf^_^) = {k + l){m — k — 1) = dim(/l|^_2;,_3) for 2k < m — 2. By a similar argument 
as for the even case above, we see that the dimension of (A/[A, A])k is m — [_{k + 1)/2J for 
all /c = 0, 1, . . . , 2m — 2, with basis paths [ppp ■ ■ - p], for p = 1, . . . , m — [{k + l)/2\. Thus 

HHo{A) = S®C, (20) 

where the graded vector space C has Hilbert series Hc{t) = X]j=r^("^ ~ lU + 1)/2J)^-'- 

3.3.4 The conjugate orbifold V* graphs 

The graphs are (three-colourable) unfolded versions, or Za-orbifolds, of the graphs 

^(")*^ where we replace every vertex v of A^'^^* by three vertices vq, vi, V2, where Va is of 
colour a, such that there are edges vq wi, vi — > W2 and V2 — )■ wq if and only if there is 
an edge v ^ w on 

^(n)*. The graphs V^'^>, V^^> are illustrated in Figure 13 
Due to the three-colourability of the graph a closed loop on ^(")* will only be a 

closed loop on D^")* if it has length 3/c, k > 0, and for each such closed loop on A^"'^*, there 
are three corresponding closed loops of length 3k on However, these three closed 

loops are identified in A/ [A, A], which can be seen as follows. As in the case of ^'•"'^*, 
{A/[A, A])3k is generated by paths of the form [piPi+iPi+2Pi ■ ■ -Pi+sfe], for / = 0, 1, 2 mod 3 
and p = 1, . . . ,r, where r = m — [3^/2] for n = 2m + 2 and r = m — [{Sk + l)/2j for 
n = 2m + 1. Since [piPi+iPi+2Pi ■■■Pi] is a cychc permutation of [pi+iPi+2PiPi+i ■ ■ -Pi+i], 
we see that for / = 0, 1,2 mod 3, the cyclic paths [pipi^ipi+2Pi ■ ■ -pi+zk] are identified in 
A/[A, A\. Thus (v4/[yl, A])3fc has a basis given by [poPiP2Po ■ ■ -Po], for p = 1, . . . , r, and 
{A/[A, A])k' = for A;' ^ mod 3. Then 

HHo{A) = S®C, (21) 

where for n = 2m+2 the graded vector space C has Hilbert series Hcif) = X]}=r~^^^'^^ (m— 
[3j72j)t3J, whilst for n = 2m + 1, Hcit) = Y.\=T~^^^^^ - L(3j + l)/2j)t^^'. 

3.3.5 The graph S^^'^ for the conformal embedding SU^S)^ C SU{6)i 

We now consider the graph £^^\ illustrated in Figure [61 The unique cell system W (up 
to equivalence) was computed in [211 Theorem 9.1]. The quotient algebra A has the 
relations, for Z = 0, 1, 2, 

[l«2i+i3;4.2] = [2i+i3;4.2l«] = [3i2;4.i4i+2] = [4i+23i2i+i] = 0, 
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Figure 6: Graph 



Figure 7: Graph S'-^^ 



\/j3j[2;2/+i2;+2] — — [2i3;+i2i+2], \/[3j[3i3/+i3;+2] — [3z2i+i3/+2], 

p]^ [3;l;+i2;+2] = [3^2^+12^+2] + ['^A+i'^w], 

— PJ^[2i4;+i3i+2] = [2«2;4.i3i+2] + [2«3i+i3;+2] • 

The only cychc paths in are of the form [2;2;_|_i2;+22i], [3;3;+i3/+23;], / = 1, . . . , 3. 
Now [2;2i+i2;+22i] = [2,+i2i+22z2i+i] by cychc permutation, and a/[3J[2,2,+i 2^+22;] = 
-[2z3;+i2z+22;] = [3«+i2z+22,3z+i] = -[3z+i2i+23«3/+i] - (/[2]/v^)[3,+i2i+24z3i+i] = 
— y^[3i+i3z+23i3z+i] in A/[A, A], where the second and last equalities follows by cyclic 
permutation and the others follow from the relations in A. Thus we see that all cyclic 
paths in A^ are identified in A/ [A, A] so that 

HHo{A) = S® C[2o2i222o]. (22) 



3.3.6 The graph S^^''* for the orbifold of the conformal embedding SU{3)5 C 

SU{Q)i X Zg 

Consider the graph S^^'^*, illustrated in Figure [71 The unique cell system W (up to 
equivalence) was computed in [211 Theorem 10.1]. The quotient algebra A has the relations 

[123] = [231] = [324] = [432] = 0, [222] = ^[232], [333] = ^[323], 

^[312] = [322] + [332], ^[243] = [223] + [233]. 

Clearly the single edges [22], [33] are not in [A, A], since the relations in A only change 
paths of length > 1, and edges are invariant under cyclic permutation. We have the 
relation >/\S\[222 ■■■2] = -[232 ■ ■ ■ 2] = -[322 • ■ ■ 23] for paths of length r in A/ [A, A], 
2 < r < 5, where the first equality follows from the relation in A and the second follows 
by cyclic permutation. Thus in ^/[A,^], for r = 2, we obtain -\/[3j[222] = —[323] = 
-v43l[333] by the relations in A. For r = 3, we have ^[3j[2222] = -[3223] = [3323] + 
([2]/v43j)[3123] = v^[3333], by the relations in A, since the subpath [123] = in A. 
For r = 4, we have [3] [22222] = -/[3j[32223] = [32323] = y[3j[33323] = [3] [33333], 
by the relations in A, but also ^^[22222] = -[32223] = [33223] + ([2]//[3j)[31223] = 
-[33233] - ([2]//[3j)[33243] + ( [2] /v^) [23122] = -v^[33333], by the relations in A, 
since the subpaths [324] = = [123] in A, and we have used the cyclic permutation relation 
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in the penultimate equality. Then in y4/[y4,y4], we see that [22222] = = [33333]. For 
r = 5 we have [3] [222222] = -/[3j[322223] = [323223] = /[3j[333223] = -[3] [333333] in 
y4/[y4, A], by the relations in A. Thus 

HHo{A) = S®C, (23) 

where the graded vector space C = C{[22], [33]} © C[222] © C[2222] © C [222222], and has 
Hilbert series Hdt) = 2t + t'^ + + . 

3.4 Determining the Hochschild homology of A(Q, W) for trivial 
Nakayama automorphism 

In this section we determine the Hochschild and cyclic homology for the graphs V^^'^\ 
k>2, A^''^, n > 4, ©(sfc)*^ k>2, and £^^>. Here the almost Calabi-Yau algebra A has 
trivial Nakayama automorphism. 

In this case, the Hochschild homology of A has minimal period at most 4, thus we 
have HHi{A)*[h] ^ HH^_i{A), i = 1,2, and HHijA)* = HHj.i{A), i = 3,4. From the 
exactness of (fT2|) we see that ker(i? : HHq{A) — > HHi{A)) = 0, and since the Connes 
differential B preserves degrees, we have HHi{A) = C Q)X, for some graded vector space 
X which lives in degrees 1 to /i - 2. Then llHiiA) = C * [h] © X*[h], where C = TTHq^A) 
and X*[h] lives in degrees 2 to /i — 1. Now B : HHi{A) — )■ HH2{A) restricts to an 

isomorphism X — X*[/i] since (fT2|) is exact, and since it preserves degrees, X only lives in 
degrees 2 to h — 2. A similar argument shows that ker(i? : HHq{A) — )■ HHi{A)) = X*[h], 
so that HH^{A) = C*[h] © K' , where the graded vector space K' lives in degrees 3 
to h, and 'HHi{A) = C[h] © K'*[/i], where K'*[h] lives in degrees h to 2h - 3. Since 
B : HH^{A) — )■ HHi{A) restricts to an isomorphism K' ^> K'*[h], we see that K' lives 
only in degree h. We will write K' = K[h] where K is a. vector space which lives in degree 
0, so that llHsiA) ^ C*[h] © K[h] and llH^iA) ^ C[h] © K*[h]. 

Thus for any almost Calabi-Yau algebra A with trivial Nakayama automorphism 



min deg, max deg) 




; 








(0,/i-3) 


HHo{A) 

B I 


= C 




HCoiA) = C 


{l,h-2) 


HHM) 

B [. 


= C 


©X 


HCi{A) = X 


(2,/i-l) 


HH2iA) 

B 1 


= C*[h]i 


BX*[/i] 


HC2{A) ^ C*[h] 


{3,h) 


HHs{A) 

B I 


= C*[h] 


®K[h] 


HCM) = K[h] 


{h,2h - 3) 


HHi{A) 
i 


= C[h] ( 


^K*[h] 


HCi{A) = C[h] 



where X lives in degrees 2 to h — 2, K lives in degree 0, and HH^+i^A) = HHi+i{A)[h], 
HC4+i{A) = HCi{A)[h] for z > 0. Since C is known, X and K can be determined from 
the Euler characteristic X'Hc{A)i^) they live in different degrees. 
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3.4.1 The graphs ©(^^^ 

We consider the cases V^^'^\ p(6fc+3) separately, k > 1. For the graph A; > 1, 

det{HA{t)) = (1 -t6fc)4(3fc{fc-l)+2)/2^i _^3fc)/(l _^3)3^ ^^^^ XHC(A){t) = {Y.fjl ^t^'-t"' - 

{6k{k - 1) + 2)^6^) /(I - t^^). Then since C has Hilbert series Hc{t) = Y.T=i 3^^^' + 

we see that Hx{t) = + Y^^J^ 3t^^ + t^'' + t^^-^ and HK{t) = 6k{k - 1) + 2, and we 
obtain: 

Theorem 3.2 The Hochschild and cyclic homology of A = A{V^^''\ W), k > 1, where W 
is equivalent to one of the cell systems constructed in I21f . is given by 

HHoiA) = S®C, HCo{A) = S®C, 

HHi {A) = C® X, HCi [a) = X, 

HH2{A) = C*[Qk]®X*[Qkl HC2{A) = C*[Qkl 

HHz{A) ^ C*[6k] © K[6k], HC^{A) ^ K[6A;], 

HHi{A) = C[6k] © K*[6k], HCi{A) = C[Qk], 

HH^+,iA)=HHi{A)[6k], z > 1, HC,+,{A) = Ha{A)[6k], i > I, 

where the graded vector spaces C, X, K have Hilbert series Hc{t) = X]j=T^ St^"* +t^^~^, 
Exit) = t^ + Ei=2^ 3^^^ + t^'' + t^'''^ and Hxit) = 6k{k - 1) + 2 respectively, where for 



k = l, Hx{t) = 0. 

■\2k 

:-HC{A){T^) = 12_ 

T2fc-1 

). ismce o nas nuDert series nc\i) = 2_ 

^2fc-l 



Forp(6fc+3)^^ > 1, det(if^(t)) = {l-t^''+^f^ +''/{l-i^)\i\msxHC{A)if) = (E,=i 3t'^- 
QkH^k+2)/{l - t^^+^). Since C has Hilbert series Hcif) = J^fj^^ 3t^^ + we see that 
Hx{t) =t^ + J2f=2^ 3t=^^' + t^'' and Exit) = 6fc2, and we obtain: 



Theorem 3.3 The Hochschild and cyclic homology of A = A{T)^^''~^^\ W) , k>l, where 
W is equivalent to one of the cell systems constructed in f21f . is given by 

HHo{A) = S®C, HCoiA) = S®C, 

HHi {A)=C® X, HCi {A) = X, 

HH2{A) = C*[Qk + 3] © X*[Qk + 3], HC2IA) = C*[6k + 3], 

HHsIa.) ^ C*[6k + 3] © K[6k + 3], HCsIa.) ^ K[6k + 3], 

HH^^A) = C[6k + 3] © K*[6k + 3], HCi{A.) = C[6k + 3], 

HHi+i{A) = HHi{A)[6k + 3], z > 1, HCi+i{A) ^ HCi{A)[6k + 3], i > 1, 

where the graded vector spaces C, X, K have Hilbert series Hc{t) = X]^=T^ 3t^"' + t^'^ , 
Hx{t) =t^ + J2f=2^ 3t3i + ^ g^2 respectively. 

3.4.2 The A* graphs 

Let Dm, D'^ denote the determinant of the denominator 1 — Agt + Agt"^ — t^ of H^it) 
for Q = ^(2"i-+2)*^ ^(2m+i)* respectively, where Ag denotes the adjacency matrix of Q, and 
let Ti = 1 — t + t"^ — t^ , T2 = t"^ — t. From the properties of determinants we can deduce 
the recursion relations Dm = TiDm~i — T2Dm-2 and D'^ = (1 — t^)D„i~i — T2Dm-2, 
for m > 3, and Di = Ti, D2 = Tf — T2. It is easy to show by induction on m that 
Dm = and thus = Then for ^(2m+2)*^ 
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detHA{t) = (l-t2"^+2)"X)^i = {l-t^){l-e"'+^)'^-^/{l-t)"',thnsxHc{A)it) = (mt+(m- 
l)t^+mt^+{m-l)t^+- ■ ■ + {m-l)t^"'+mt^"'+^)/{l-t^"'+^). Then Hx{t) = = i.e. 
X = = K. For ^(2^+1)*, deti/A(t) = {1 - t'^'^+^)"'{D'J^^ = (1 - t2™+i)™-i/(i - 

thus XhC{A) W = (("i - 1)^ + (m - 1)^2 + (m - 1)^3 + . . . + (m - I)t2™)/(1 _ t2m+l)^ r|nj^gj^ 

we again deduce that Hxif) = = Hxit), and we obtain: 

Theorem 3.4 The Hochschild and cyclic homology of A = A(A^'^^*,W), n > A, where 
W is any cell system on A^'^\ is given by 

HHo{A) ^S®C, HCo{A) ^S®C, 

Ml (A) ^ C, HCi{A) = 0, 

HH2 {A) = C*[n], HC2{A) = C* [n] , 

HHs{A) = C*H HC,{A)=0, 

HHi{A) = C[/i], HCi{A) = C[n], 

HH^+i{A)'^HH,{A)[nl i>l, HC^+,{A) HC,{A)[nl z > 1, 

where the graded vector space C has Hilhert series Hc{t) = [(^ ~ j ~ l)/2jt-' - 

3.4.3 The graph P^^fc)* 

The Nakayama automorphism is trivial for the graphs T)^^''^*. We consider the cases T)(^^)*^ 
p(6fc+3)* separately. For the graph p(6fc)*, k > 1, det(i/^(t)) = (1 - t^){l - t^''f^-^/{l - 
t'^f^-\ thus XHc{A)it) = ((3A;-l)t3+(3A:-2)t6+(3fc-l)t9+(3A;-2)ti2+. . .+(3A;-i)t6fe-3_ 

{<6k-A)t^^)/{l-t^^). Then since C has Hilbert series Hc{t) = J2^^T~^^^^^ i^- [3^72])^^-'', 
we have Hx{t) = 0, Hxit) = 6A; — 4, and we obtain: 

Theorem 3.5 The Hochschild and cyclic homology of A = A{T)^^'''>* , W) , k > 1, where 
W is equivalent to one of the cell systems constructed in f21f . is given by 



HHo{A) = S®C, HCoiA) = S®C, 

HHi{A) = C, HCiIa) = 0, 

HH2IA) = C*[6k], HC2IA) = C*[Qkl 

HHs{A) = C*[6k] © K[6k], HC^{A) = K[6fc], 

HHi{A) = C[Qk] © K*[Qkl HCi{A) = C[6fc], 

HH^+,{A)^HH,{A)[Qkl i>l, HC^+,{A)^HC,{A)[Qkl i>l, 

where the graded vector spaces C, K have Hilhert series Hc{t) = Yl\=T~^^^^^ ('^~L3i/2j)^^-' 
and Hxit) = 6k — A respectively. 

For ©(sfc+s)*^ k>l, det{HAit)) = (1 - tSfe+s^gfc/^^ _ ^s^sfc^ ^j^^g = (3^^^^ + 

3kt^+- ■ ■+3H6^-6H6'=+3)/(l-t6fc+3)_ Since C has Hilbert series Hc{t) = ^jL^™"^^/^^ (m- 
[(3j + l)/2j)t3i, we have Exit) = 0, = Qk, and we obtain: 

Theorem 3.6 The Hochschild and cyclic homology of A = A{T)^^''~^^^* , W), k > 1, where 
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W is equivalent to one of the cell systems constructed in f21f . is given by 



HHo{A)=S®C, HCo{A) = S®C, 

HHi{A) = C, HCi{A) = X, 

HH2IA) = C*[6k + 3], HC2IA.) = C*[Qk + 3], 

HH-sIa) = C*[6k + 3] © K[6k + 3], HC3IA.) = K[6k + 3], 

HHi{A) = C[6k + 3] © K*[6k + 3], HCi{A) = C[6k + 3], 

HHi+i{A) = HHi{A)[6k + 3], i> 1, HCi+i{A) = HQ{A)[6k + 3], i> 1, 

where the graded vector spaces C , K have Hilbert series Hcif) = X]}=r~^^^'^^ ("^ ~ L("^^ 
l)/2\)t^^ and Hxit) = 6k respectively. 



3.4.4 The graph S'-^^ 

For the graph S^^>, det{HA{t)) = (1 - - t^){l - ty/{l - tf, thus XHc{A){t) = 
{2t + + 2t^ + 2t^ + t^ + 2f - 2t^) /(I - 1^). Then Hx{t) = 0, HK{t) = 2, and we obtain: 

Theorem 3.7 The Hochschild and cyclic homology of A = A{£^^'>*, W), where W is any 
cell system on E^^"** , is given by 

HHoiA) = S®C, HCo{A) = S®C, 

HHiIa) = C, HCiIa) = 0, 

HH2 {A) = C*[8], HC2 {A.)=C* [8] , 

HH^iA) = C*[8] © K[8], HCs{A) = K[8], 

HHi{A) = C[8] © K*[8], HCi{A) ^ C[8\, 

HH4+i{A)=HHi{A)[8], i>l, HCi+^{A) = HCi{A)[8], i > 1, 

where the graded vector spaces C, K have Hilbert series Hc{t) = 2t + t^ +t^ + t^ and 
Hxit) = 2 respectively. 



3.5 Determining the Hochschild homology of A{Q, W) for non- 
trivial Nakayama automorphism 

We now determine the Hochschild and cyclic homology for the graphs A^^\ n = 4, 5, 6, 7, 
£^^\ Here the almost Calabi-Yau algebra A has non-trivial Nakayama automorphism. 
By a similar argument to that used in Section 13.41 for any almost Calabi-Yau algebra 
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A with non-trivial Nakayama automorphism, we have 



min deg, max deg) 




; 












(0, /i-3) 


HHo{A) 

B J, 




C 




i/Co(^) 


^ C 


(l,/i-2) 


HHi{A) 
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r*^ 
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^; 




= Xi 


(2,/i- 1) 


HH2{A) 

B [. 










= X2 


(3,/i) 


HHs{A) 

B I 


rsj 




©fsTil/i] 
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HCsiA) ^ 




{h,2h - 3) 


HHi{A) 

B I 


rsj 




©i^i[/i] 


HCi{A) 


= Xs 


{h+l,2h - 2) 


HH^{A) 

B 1 


r\j 


^3 


©X4 


HC^{A) 


= X4 


(h + 2,2h- 1) 


HHg{A) 

B I 


rsj 


x;[3h]( 


BX*[3/i] 


HCeiA) ^ 


X*[3h] 


(/i + 3,2/i) 


HHj{A) 

B 1 


rsj 


X;[3h]i 


Bifr[2/i] 


HCriA) = 


Kl[2h] 


(2/i,3/i - 3) 


HHs{A) 

B 1 


rsj 


X*[3h]i 


BA7[2/2.] 


HCsiA) = 


X*[3h] 


(2/i + l,3/i - 2) 


HHg{A) 
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rsj 


X*[3h]i 


BX*[3/i] 


HC^{A) = 


Xl[3h] 


(2/i + 2,3/i- 1) 


HH,o{A) 

B I 


rsj 


C*[3h] ( 


BX*[3/i] 


HCw{A) ^ 


' C*\3h\ 


(2/i + 3,3/i) 


Mil (A) 

B 1 


rsj 


C*[3h] ( 


Bir2[3/i] 


HCu{A) ^ 


K2\3h\ 


(3/i, 4/1-3) 


HHi2{A) 
i 




C[3h] ( 


Bi^2l3/^] 


HCu{A) = 


^ C[3h] 



where Xi lives in degrees 2 to — 2, X2 lives in degrees 3 to /i — 1, X3 lives in degrees 
h + 1 to 2h — 3, X4 lives in degrees h + 2 to 2h — 2, Ki lives in degree 0, i = 1, 2, and 
OTi3+i(A) = Mi+i(A)[3/i], 7lCi2+i{A) = 7TCi{A)[3h] for i > 0. The graded vector 
space Ki can be determined from the Euler characteristic X7?c(A)(^) the only 

vector space which lives in degree h. The vector spaces Xi, X^ can be determined by 
computing HHi{A), HHa^{A) respectively. Then X2, X4, K2 can each be determined 
from knowledge of C = HHq{A), Xi, X^ and the Euler characteristic. 

3.5.1 The A graphs 

Here we determine the Hochschild and cyclic homology for the graphs A^'^\ n = 4, 5, 6, 7. 
The graphs A^^\ n = 5,6,7, are illustrated in Figure El We have not yet been able to 
determine the Hochschild and cyclic homology for the case of general n. 

We first consider the graph A^'^\ for which det(ifA(^)) = (1 — — t^)- Thus 

XHciA)it) = (^^ + " t^"^) and we see that HK^{t) = 0, and since C = for all the A 
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(5) 






1„ 2i I2 lo 1, 22 2o 1„ 2i 42 3o li 

Figure 8: Graphs A^'^\ n = 5,6,7 



graphs, HK2(t) = 0. Since ker(/i^) C (V ®s A)^ = and kei^^'^) = Af^ = 0, we see that 
HHi{A) = = HHi{A). Thus Xi = X3 = Ki = 0, and from Xhc{A)(^) we deduce that 



X2 has Hilbert series if) = t and X4 = 



0. 



Theorem 3.8 The Hochschild and cyclic homology of A 
cell system on A^^\ is given by 



A{A'^^\W), where W is any 



HHoiA) ? 
HH,{A) -- 
HH2{A) = 
HHsIa) = 

hhJ^a) -- 

HH,{A) -- 
HHeiA) -- 
HHr{A) -- 
HHsiA) = 
HHgiA) = 
HH.oiA) 
HHniA) 
HH^2{A) 



S, 

0, 

X, 

X, 

0, 

0, 

0, 

0, 

X*[12], 
X*[12], 

= 0, 

= 0, 

= 0, 



HCM) = 
HC2{A) ^ 

HC,{A) = 

HCi{A) = 

HC,{A) = 

HC^iA) = 

HCj{A) = 

HCsiA) = 

HCg{A) = 

HC^o{A) = 

HC^M) = 
HC^2{A) = 
HCi2+^{A) 



HH,2+^{A) = HHi{A)[12], t>l, 
where the graded vector space X has Hilbert series Hx{t) = t^ 



S, 

0, 

X, 

0, 

0, 

0, 

0, 

0, 

X*[12], 
0, 

0, 

0, 

0, 

^HaiA)[12], 



i > 1, 



We now consider the graph A^^^\ for which det(iirA(^)) = (1 — ~ ^^)- Thus 

X-HciA)f) = f^ +t^ + t^ + - 1^^) and we see that HxAt) = 0, and since C = for 

all the A graphs, HK2if) = 0. We now explicitly determine HHi{A) and HH^iA). 

We begin with the graded vector space Y = HHi{A) = ker(/i'J/Im(/X2), and consider 
each graded piece Yj separately. Due to the three-colourability of A^^\ Yj = for j = 1, 2. 
Thus we only need to determine Y3. A basis for {V (8>5 y4)f is given by the elements 
[2i+Ai] ® [lai+i], [li+i2i] ® [2,1;+!] and [2i+^2i] ® [2,2^+1], for / = 0,1, 2 mod 3. We 
have /i^([2z+ili] ® [l,2z+i]) = Wi,2,+,2,+2i['^i+i2i+2] ® [2i+2li2i+i] + [lA+i] ® [2i+,2i+2h]) = 
W^2,2,+i2,+2[2i+i2/+2] ® [2;+22/2;+i], usiug the relations in A. Thus we see that [2;+i2;+2] ® 
[2i+22;2i+i] = in F3, / = 0, 1, 2 mod 3. Thus Y3 = and we obtain llHiiA) = 0. Since 
Xi = 0, we deduce from XTTc{A)f) ^^at X2 has Hilbert series Hx2{f) = t^- 
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We now consider Y' = HH^IA), which hves in degrees 5 to 7. Now ker(/i;) = 
since Y,j w*P{x)wj = for all x e and = 0. As with llHi^A), = for j = 5, 7, 
due to the three-colourability of A^^\ We now determine Yq. A basis for {V ®s A/')f is 
given by [2;2/+i] ® [2i+i], / = 0, 1,2 mod 3, and a basis for Af^ is given by [2;2;+i], / = 
0, 1,2 mod 3. Now ix',{[2i2i+,] ® [2,+i]) = [2^+12^+2] - [2z2;+i], thus [2o2i] = [2i22] = [222o] 
in Yq. Then HHi{A) = C[2o2i][5] = X3, and we deduce from Xhc{a){^) ^^at X4 = 0. 

Theorem 3.9 The Hochschild and cyclic homology of A = A(A^^\W), where W is any 
cell system on A^^^\ is given by 

HHo{A) - S, HCo{A) - S, 

HHi{A) = 0, HCi{A) = 0, 

M2(^)=^2, HC2iA)^X2, 

HHsiA) - X2, HCsiA) = 0, 

HH,{A) ^ X3, HC^{A) = Xs, 

HH,{A) ^ X3, HC,{A) = 0, 

HH,{A) = X;[15], HCe{A) = X;[15], 

HH^{A) = X*[15], HCj{A) = 0, 

HHs{A) ^ X*[15], HCs{A) ^ X*[15], 

HHg{A) = X;[15], HCg{A) = 0, 

Mio(A) = 0, HCioiA) = 0, 

HHn{A) = 0, HCu{A) = 0, 

HHr,{A) = 0, HCu{A) = 0, 

HHr2+i{A) ^ M,(A)[15], I > 1, HCu+^{A) = HC,{A)[15], i > 1, 

where the graded vector spaces X2 and X3 have Hilbert series if) = o,nd Hx^ (t) = t^ . 

We now consider the graph ^(6), for which det(ifA(i)) = (l-t^)(l-t^)(l-t^^)/(l-t^). 
Thus XHc{A)it) = (^^ + - 2t^^)/(l - t^^) and we see that HxAt) = 0, and since C = 
for all the A graphs, HKiit) = 2. We now explicitly determine HHi{A) and HH^{A). 

We begin with the graded vector space Y = HHi{A). Due to the three-colourability of 
A^^\ Yj = Ofor J = 1,2,4, so we only need to determine Is. A basis for {y®s^)2 given 
by the elements [ii+iii]®[iiiij^i], [{i + l)2ii\®[ii{i + l)2], [ii4o] ® [4oii], and [4o22] ® [^24o], for 
/ = 0, 1,2, i = 1,2,3 mod 3. A basis for {V®A)l is given by [4oZi] ® [ziZ24o] J^i^2] ® [^24o^i] 
and [12^0] ® [40^1^2], for z = 1, 2, 3 mod 3. Under 112 the basis elements of {V ®s ^)2 yield 
the following expressions after using the relations in A, for z = 1, 2, 3 mod 3: 

//2([ii«o] ® [iok]) = -W4oiii2[^i^2] ® [i24on] = yU2([^o^2] ® [i2io]), 

H2{[i2il] ® [^1^2]) = W^4oni2 [4o«l] ® [^1^24o] + W^4oni2 [^24o] ® [4o«l«2], 
/X'2([(2 + 1)2^1] ® + 1)2]) = W^4on(^+l)2 

[4oii] ® [ii{i + l)24o] 
+W^4on(m)2[(^ + l)24o] ® [4oZi(z + 1)2], 
/x'2([ii4o] ® [4oZi]) = W^4oni2[^24o] ® [4o«i«2] + W^4o*i(i+i)2[(^ + l)24o] ® [4o^i(^ + 1)2] 

+ W^4oiii2 [^1^2] ® [i24o«l], 

/^2([4o^2] ® [«24o]) = W^,i,i,[Aoti] ® [ziZ24o] + 1^4„(i-i)ii2[4o(« - 1)1] ® [(^ - l)l«24o] 

+ W^4oni2[^1^2] ® [«24o«l]- 
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Then from Im(/i2)3 we obtain the following relations in I3: [^1^2] ® [^24o^i] = and 

[4oil] ® [ZlZ24o] = -[«24o] ® [4oili2] = (W"4o3i32/W^4oiii2)[4o3l] ® [3il24o]. 

We now consider Ker(/i;)3. Let x = E-=i('^i'[^24o] ® [4oil^2] + AH4oZi] O [n«24o] + 
A- [iii2]<8)[i24oii]) be a general element in {V0A)l. Since /i'i(a;) = E?=i((Ai'-A- )[4o«i«24o] + 
(AJ-A2)[^l^24o^l] + (A^-A°)[^24o^l^2]), thenx G Ker(/i;) if and only if A° = Xj = for each 
i = 1,2, 3. Using the relations from Im(yU2)3, a general element in Y3 is thus of the form 

A° ( [i24o] ® [4oiii2] + [4oii] ® [iii24o] + [^1^2] ® [i24o^i] ) = Ei A° (- ( W^4o3i32 /^4on»2)[4o3i] ® 
[3il24o]+0+(1^4o3i32/W^4oni2)[4o3i]®[3il24o]) = 0. Thus F3 = and we obtain Mi (A) = 
0. Since Xi = 0, we deduce from Xj[c{A)i^) ^^at X2 is a graded vector space with Hilbert 
series Hx2it) = . 

We now consider Y' = HH^IA), which lives in degrees 6 to 9. Now 7V(f = C[4o], but 
/i^(A[4o]) = 2A[4olil24o], thus A[4o] G ker(/i^) if and only if A = 0. Thus ker(/i^) = A/'f [6], 
since E^- = for all x G TVf = C[4olil24o]. As with Mi (A), F/ = for 
j = 7,8, due to the three-colourability of A^^\ and Yq = since ker(yU,4)6 = 0. We now 
determine Yg. A basis for {V ®5 A/')f is given by [4oii] §>> [«i«24o], + 1)2] ® [{i + 
l)24o(z-l)i] and ^o] ® [4o(z - l)i(z - 1)2], t = 0,1,2 mod 3. Now /i^([4oli] g) [lil24o]) = 
-[4olil24o], thus Im(/i'5) = Mf. Then Y^ = and we obtain HH^i^A) = 0. Then since 
X3 = 0, we deduce from Xhc(A){'^) that X4 = 0. 

Theorem 3.10 The Hochschild and cyclic homology of A = A{A^^\ W), where W is any 
cell system on A^^\ is given by 

HHo{A) ^ S, HCo{A) ^ S, 

HHi{A) = 0, HCi{A) = 0, 

HH2{A)^X, HC2{A)^X, 

HH.iA) ^ X, HCM) = 0, 

HH^iA) = 0, HC^iA) = 0, 

HH,{A) = 0, HC.iA) = 0, 

HH,{A) = 0, HCq{A) = 0, 

HHr{A) = 0, HCriA) = 0, 

HHsIa) ^ X*[18], HCsIa.) ^ A:*[18], 

HHg{A)=X*[18], HCg{A) = 0, 

HH,o{A) = 0, HCioiA) = 0, 

HHn{A) = K[18], HCu{A) = K[18], 

HH^2{A) = K*[18], HC^2{A) = 0, 

HHr^U^) = HH,{A)[18], I > 1, HCi2+^{A) ^ HC,{A)[18], i > 1, 

where the graded vector spaces X and K have Hilbert series Exit) = t^ and HK{t) = 2. 

We now consider the graph A^'^\ for which det(iJyi(t)) = (1 — — t^). Thus 

Xiic{A)it) = (t^ + t^ + --- + t^^-2t2i)/(l-t2i) and we see that Hx^it) = 0, and since C = 

for all the A graphs, Hx^it) = 2. We now explicitly determine HHi{A) and HH^i^A). 

We begin with the graded vector space Y = HHi{A). Due to the three-colourability 
of Yj = for J = 1,2,4,5, so we only need to determine Y^. A basis for {¥^3^)2 is 
given by the elements [li3;_i]® [3z_ili], [2ili^,](S)[li^,2i], [2,5i_i]®[5i_i2i], [3z2,_i]® [2,„i3;], 
[3;4,_i]®[4^_i3^], [4,2,„i]®[2,„i4,], [4^5;_i]® [5;_i4^], [5^3,„i]® [3,„i5^], [5,4;_i]®[4^„i5;] and 
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[5i5z_i](g)[5/_i5i], for / = 0, 1, 2 mod 3. A basis for (VOv4)f is given by [2;3/+i]®[3/+i5;+22;], 
[3;5z+i] ®[5z+i2z+23z], [4;5z+i] ® [5z+i2z+24;], [5z2;+i]®[2i+i3;+25z], [5i4i+i] ® [4;+i3;+25z] and 
[5/5z+i] ® [5i+i4;_|_25/], for / = 0, 1,2 mod 3. Under the basis elements of (V^ ®5 A)f 
yield the following expressions after using the relations in A, for / = 0, 1, 2 mod 3: 

/i2([lA_i] ® [3z_il^]) = 1^235 [2i+l3i_i] ® [3i„i5A+l] = /i'2([2ml«] ® [lA+i]), 

/i^([2z5,„i] ® [5z_i2,]) = W^235[3i+i5i_i] ® [5i_i2i3i+i] + 1^245 [4i+i5i_i] ® [5,_i2z4i+i] 

+W^235[2/+i3,_i] ® [3,_i5i2,+i], 
/i^([3z2,„i] ® [2z_i3^]) = 1^235 [5i+i2i_i] ® [2i„i3i5^+i] + H^235[3i5,+i] ® [5i+i2i_i3i], 
/i'2([3z4,_i] ® [4z_i3i]) = 1^354 [5i+i4,„i] ® [4;„i3,5i+i] - W^235[3z5,+i] ® [5;+i2^„i3/], 
/i'2([4;2,_i] ® [2i_^Ai]) = -W2A+A-1] ® [2i-i3i5,+i] + IV245[4/5,+i] ® [5i+i2,_i4;], 
/X2([4;5«_i] ® [5/_i4i]) = 1^455 [5i+i5,_i] ® [5z_i4,5,+i] - W2i^[4.i^i+i\ ® [5/+i2i_i4;] 

-1^235[3m5i-i]® [5i_i2i3i+i], 
/i^([5;3i_i] ® [3;_i5,]) = 1^354[5z4;+i] ® [4i+i3^_i5i] + iy235[5;2;+i] ® [2;+i3,_i5z] 

+1^235 [2/+i3z„i] ® [3,_i5i2,+i], 
/i^([5z4,_i] ® [4;_i5i]) = -1^354 [5i+i4/„i] ® [4,_i3z5,+i] + Wi^^[hihi+i] ® [hi+iAi^ihi] 

-Vr235[5i2,+i]® [2A-A], 
/i2([5/5i_i] ® [5/_i5,]) = -Vr245[4i+i5/_i] ® [5i_i2;4i+i] - W^^^i^Ai+i] ® [4/+i3,_i5/] 

-Vr455[5i+l5i_i] ® [5i_i4;5i+i] - W^455[5i5i+i] ® [5i+i4;_i5i], 

where W^ij-fc := W^iojifca = ^hj2ko = ^i23oki for vertices ji, h of A^'^\ I = 0, 1,2. Then 
from Im(/i2)3 we obtain the following relations in Y3: 

[2;3;+i] ® [3z+i5;+22/] =0, / = 0, 1, 2 mod 3, [5o5i] ® [b^A^^o] = -X2 - X3, 

[3o5i] ® [5i223o] = -(Vr245/W^235)[4o5i] 8) [5i224o] = -[5i22] ® [223o5i] 

= (1^354/1^235) [5l42] ® [423o5i] = (1^354/1^235)X1 - ( H^455/ 1^235 )a;2, 

[3i52] ® [522o3i] = -(1^245/1^235) [4i52] ® [522o4i] = -[522o] ® [2o3i52] = (1^354/1^235)2:1, 
[325o] ® [5o2i32] = -(1^245/1^235) [425o] ® [5o2i42] = -[5o2i] ® [2i325o] 

= (1^354/1^235) [5o4l] ® [4i325o] = (Vr354/1^235)Xl + (1^455/1^235)^:3, 

where xi = [524o] ® [4o3i52], X2 = [5i52] ® [524o5i] and X3 = [525o] ® [5o4i52]. 

We now consider Ker(/i'i)3. Let x = ZlLo(M[3/5i+i] ® [5;+i2/+23;] + A2[4i5;+i] ® 
[5i+i2,+24i] + A|j [5i2i+i] ® [2i+i3i+25i] + \{ [hAi+i] ® [4i+i3i+25,] + \[ [hihi+i] ® [bi+iAi+2H) be 
a general element in {V ® A)l Now ^i[{x) = E?=o(^3"'[2/3i+i5/+22«] - A'i[3z5;+i2z+23,] + 
{\[-' - A'2-^ (1^235/1^245) + Ai(1^235/1^354) + (A'5-^ - xi) (1^235/1^455)) [5^2z+i3,+25/]) = 
if and only if A^ = Aj, = 0, A^ = A^"^ + (Ai, - A^"^) (11^354/1^455), for / = 0, 1, 2 mod 3. Us- 
ing the relations from Im(/i2)3, a general element in Y3 is thus of the form X]Lo('^2[4/5i+i](8) 
[5,+i2z+24i] + (A^-^+(A[;-A^-^)(iyWl^455))[5/4i+i]®[4i+i3,+25,]+A^[5;5^ = 
0. Thus Y3 = and we obtain HHi(A) = 0. Since Xi = 0, we deduce from XT{c{A)i^) 
that X2 is a graded vector space with Hilbert series Hx2{t) = t^ + t\ 

We now consider Y' = HH^i^A), which lives in degrees 7 to 11. Now ker^fi'^) = Af^[7], 
since Y.jW*(3{x)wj = for all x e and =0. As with HHi{A), ¥■ = for 
j = 7,8,10,11, due to the three-colourability of ^^^^ We now determine Yg. A basis 
for {V ®s ^f)| is given by [4^5^+1] ® [5,+i4i], [5/4,+i] ® [Ai+i5i] and [S^S^+i] ® [S^+iS;], 
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and a basis for Af'^ is given by [4/5i+i4/+2], [5i5i+i5i+2], for / = 0, 1,2 mod 3. Using the 
relations in A we obtain fi'^{[4:i5i+i] <S) [5z+i4;]) = -(1^555/^^455) [5/+i5;+25z] - [4z5i+i4z+2], 
Ai'5([5i4z+i] ® [4;+i5,]) = (14^555/1^455) [5/5,+i5j+2] + [4/+i5,+24i] and fi'^H^ibi+i] ® [S^+iS;]) = 
[5;+i5;+25;] - [5z5i+i5z+2] , for / = 0,1,2 mod 3. These yield the relations [4; 5;+i4 ;+2] = 
-(11^555/1^455) [5r5z.+i5z.+2] in Y^, for all /, /' = 0, 1,2 mod 3. Thus we obtain HH^^A) = 
C[5o5i52] [7]. Then X3 = C[5o5i52][7] and we deduce from XTTc{A)i't) ^^^^ -^i — 0- 

Theorem 3.11 The Hochschild and cyclic homology of A = A(A^''\ W), where W is any 
cell system on A^'^\ is given by 

HHo{A) - S, HCo{A) - S, 

HHi{A) = 0, HCi{A) = 0, 

HH2{A)^X2, HC2iA)^X2, 

HHsiA) ^ X2, HC^{A) = 0, 

HH^{A) = X3, HC^{A) = X3, 

HH5{A)=Xs, HC5{A) = 0, 

HHe{A) ^ X3*[21], HCeiA) ^ Xl[21], 

HHj{A) ^ X;[21], HCj{A) = 0, 

HHs{A) ^ X;[21], HCsiA) = X*[21], 

M9(^) =^2121], HCg{A)=0, 

Mio(A) = 0, HCioiA) = 0, 

HHr,{A) = K[21l HCn{A) = K[21], 

HHuiA)^K*[21], HC,2{A) = 0, 

HHu+^iA) ^ HH,{A)[21], i > 1, HC,2+^{A) ^ HaiA)[21], i > 1, 

where the graded vector spaces X2, X3 and K have Hilhert series (t) = t^+t^, Hx^ (t) = 
t^ and HK{t) = 2. 



3.5.2 The graph ^^^^ 

For the graph £(8), det{HAit)) = {l-t^){l-t^^){l-t'^y/{l-t^f = det{HA'it^)), where 
A' = A{£'^^>, W). Thus X-HC{A)it) = i2t^ + + 2t^ + 2t^'' + + 2t^^ - 2t^'')/il - t^^) 
and we see that Hxiit) = 0. Since C = C[2o2i222o] which lives in degree > 0, we see that 
if^^(t) = 2. We now explicitly determine HHi{A) and HHi{A). 

We begin with the graded vector space Y = HHi(A) = ker(/i'^)/Im(/^2)) &nd consider 
each graded piece Yj separately. Due to the three-colourability of £^^\ Yj = for j = 
1,2,4,5. We will first determine Y3. A basis for {V (85 A)§ is given by [2i+il;] ® [li2;+i], 
[2i+A] ® [2i2,+i], [3i+A] ® [2i3i+i], [Ai+^2i] ® [2^4^+1], [1^+13^] ® [Sih+i], [2i+i3i] (g) [3i2,+i], 
[3i+i3z] ® [3,3i+i], and [3i+i4z] (g) [4z3i+i], for / = 1,2,3. A basis for [v (8)5 A)f is given 
by [2,_i2,] ® [2z2;+i2,_i], [3;_i3,] ® [3,3,+i3,_i], [3,_i2i] ® [2;2,+i3;_i], [2;_i3,] ® [3,3,+i2,_i], 
[3i_i2,] ® [2;3z+i3;_i] and [2;_i3z] ® [3i2i+^2i_i], I = 1,2,3. Under /x^, [2^+11,] ® [1,2^+1] 
gives 

fi'2{[2i+ili] ® [1^2^+1]) = y[2Jl3]([2;+i3«-i] ® [3l.lh2l+^] + [l,2,+i] ® [2,+i3i_il,]) 

= -^/\3Mi[2i+iSi-i] ® [3«-i3i2,+i] + [2,+i3/_i] ® [3^2,2^+1]), 
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using the relations in A. We get the same result from considering fi2{[li3i-i] ® [3i_il/]). 
We also obtain (up to some scalar factor) 

/i'2([3,_i2i+i] ® [2,+i3i,i]) = [3,2z+i] ® [2l+^3l^^3l] + [3i^i3i] ® [3ai+i3i-i] 

+ [2i2i+i] ® [2i+i3,_i2j] + [3,_i2i] ® [2,2i+i3i_i], 

and the results for /i^ ( [3,+i4i] ® [4;3z+i] ) , jj'^ ( [4i2,_i] ® [2,_i4i] ) and fi'^ ( [2i_i3,+i] ® [3,+i2j„i] ) 
are given by the above results by interchanging Ip o 4p, 2p 3p for p = /, / + 1, / — 1. 
Finally, we also have (again up to some scalar factor) 

/i'2([2i_i2z+i] ® [2i+i2z_i]) = [3i2i+i] ® [2,+i2i_i3z] + [2i_i3,] ® [3i2i+i2i^i] 

+ /[3][2i2i+i] ® [2i+i2i_i2i] + ^/\3][2i_^3i] ® [3;2;+i2z_i], 

/x^([3;_i3;+i] ® [3i+i3i_i]) = [2i3,+i] ® [3i+i3i-i2i] + [3,_i2/] ® [2i3i+i3i_i] 

-vl3][3i3,+i] ® [3,+i3i_i3i] - x/[3][3;_i2^] ® [2i3i+i3i_i]. 

Then from Im(/i2)3 we obtain the following relations in 1^3: [2o2i] (g) [2i222o] = [2;_i2i] ® 
[2;2;+i2;_i] = -[3;_i3;] (g) [3;3z+i3;_i] = [3;_i2;] ® [2i2,+i3i_i] = -[2^„i3,] ® [3,3i+i2^_i] = 
-[3i_i2i] ® [2i3i+i3z_i] = [2i_,3i] ® [3z2i+i2z_i], / = 1,2,3, and thus = C[2o2i] ® 
[2i222o] = C. ^ 

We now determine Fg- A basis for (F ®5 A)q is given by [2/+i2i] ® [2^3/+i2i_i2i2;+i], 
[3;+i3z] ^ [3z2;+i3z_i3;3,+i], [2^+13,] ® [3,2i+i3,_i3i2,+i] and [3,+i2i] ® [2i3i+i2^_i2,3i+i], / = 
1, 2, 3. For / = 1, 2, 3, we have (up to some scalar) 

fi'2{[2i+i2i] ® [2i3i+i2i_i2i2i^i]) = [2,_i2i] ® [2,3i+i2,_i2i3,+i2i_i] 

+ [2,+i2,_i] ® [2,_i3,2,+i2i_i3,2i+i], 
/i'2([3z+i3;] ® [3z2;+i3i_i3i3i+i]) = [3i^,3i] ® [3,2;+i3i_i3i2i+i3i_i] 

+ [3«+l3i_i] ® [3;_i2i3;+i3i_i2;3i+i], 

/x^([2z+i3i] ® [3z2,+i3i_i3i2Hi]) = [3,-i3i] ® [3,2,+i3,„i3i2i+i3i_i] 

~[2i+l2i_i] ® [2;_i3i2;+i2i_i3;2;+i], 

M^i+i2i] ® [2i3i+i2i_i2i3i+i]) = [2i_i2i] ® [2,3i+i2i„i2i3i+i2i_i] 

— [3z+l3/„i] (S) [3;_i2i3;+i3i_i2;3;_|_i], 

which yield Im(/i^)6 = (V ®5 A)f. Thus Fe = 0, and we obtain Mi (A) ^ C Then 
Xi = and from Xttc{A) (^) "^^ deduce that X2 is a graded vector space with Hilbert series 

Hx,it)=t^ + f. 

We now consider Y' = HH^{A)^ which lives in degrees 8 to 13. Now ker(/x^) = U^[S], 
since Y.jW*jP{^)wj = for all x e Aff and Af^ = 0. As with HHi^A), = for 
j = 8, 10, 11, 13, due to the three-colourability of £^^\ We now determine Yg. A basis for 
(V ®5 A/")! is given by [2/2i+i] ® [2i+i] and [3i3/+i] » [3/+i], / = 1, 2, 3, and a basis for A/'f 
is given by [2z2,+i] and [3,3/+i], / = 1,2,3. Now fi'^i[2i2i+,] ® [2;+i]) = [2i+i2;_i] - [2;2,+i] 
and fi',{[3i3i+,] ® [3^+1]) = [3i+i3^„i] - [3^3^+1], / = 1,2,3, thus Y^ = (C[2o2i] ©C[3o3i])[8]. 
We now determine Y{2- A basis for Aff is given by [2;3;+i2i_i2;2i+i] and [3i2;+i3;_i3;3i+i], 
I = 1,2,3. Since fi'^{[li2i+i] [2i+i3i-i3ili+i] = [2z+i3i_i2z2i+i2;_i] up to some scalar, by 
using the relations in A, and similarly ^'^{[4i3i+i] (g) [3i+i2;„i2i4;+i] = [3i+i2;_i3i3i+i3;_i], 
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/ = 1,2,3 we see that Yl^ = 0. Thus HHi{A) = (C[2o2i] © C[3o3i])[8], and we obtain 
X3 = (C[2o2i] © C[3o3i])[8] and we deduce from Xi7c(yi)(^) that X4 = 0. 
To summarize: 

Theorem 3.12 The Hochschild and cyclic homology of A = A{£^^\ W), where W is any 
cell system on £^^\ is given by 



HHo{A) ^S®C, 


HCo{A) = ^©C, 


HHi{a) = C, 


HC^{A) = 0, 


HH^iA) ^ X2, 


HC2{A)^X2, 


HHs{A) = X2, 


HC,{A) = 0, 


HH^{A) = X3, 


HC^{A) = X3, 


HH,{A) = X3, 


HC^iA) = 0, 


HHe{A)=X;[2A], 


HC,{A) = X;[24], 


HHj{A)^X;[2A], 


HCriA) = 0, 


HHs{A)=X*[24], 


HCs{A) = X*[24], 


HH,{A) =X*[24], 


HCg{A) = 0, 


HH,o{A) = C*[24], 


HCw{A) = C*[24], 


Mil (A) = C*[24] ©ir[24], 


HC^,{A) = K[24], 


HHu{A) = C[24] ©K*[24], 


HC^2{A) ^ C[24], 


HHu+^{A) = HH,{A)[24], z>l, 





where the graded vector spaces C, X2, X^ and K have Hilbert series Hc{t) = t^, Hx2{t) = 
t^ + Hx:,{t) = 2f and HK{t) = 2 respectively. 

4 The Hochschild cohomology of A(Q, W) 
4.1 The Hochschild cohomology complex 

In this section we will construct a complex which determines the Hochschild cohomology 
of the almost Calabi-Yau algebra A = A{Q, W). Each four-term piece of this complex will 
be identified up to a shift in degree with a four-term piece in the Hochschild homology 
complex ffTTl) . 

The Hochschild cohomology HH'{A) of A may be defined as the derived functor 
HH^{A) = Ext'^e{A, A), that is, the homology of the complex 

Hom^.(Po,^) Hom^.(Pi, A) HomAe(P2,^) ^ ■ ■ • 

where ■ ■ ■ ^ P2 Pi ^ Pq ^ A is any projective resolution of A. 

Following [12], we can make identifications Hom^e(yl ©5 A/'''*'^ A) = {J\f^~''^)^ , k = 
0, 1, 2, by identifying e Hom^e(A ©5 Af^^\ A) with the image 0(1 © 1) = x G (A/'^"^))^. 
We write (f) = x o — : A ©5 M^"^^ — A, and have © 2;) = x o (y © 2) = yx(3''{z), for 
X e (A/'^"''))^, y e A, z e Af^^\ We also make identifications RomA<^{A^sV^s-f^^''\ A) = 
(i/ ©5 A/'^~^'^)'^[-2], k = 0,1,2, by identifying G HomAe(A^©s V ^sf^^''\A) which 
maps 1 © a © 1 1— )■ Xa with the element XlaeSi ^ © G (V^ ©5 J\f^~''^)^ . We write 
= ZlbGG, b® XbO - : AiS)sV i^s J^^^''^ A, and have (t){y ® a ® z) = Y^beg, b Xb o 
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{y ® a® z) = yxal3''{z), for a (g) Xa E {V ®s A/'^"''^)"^, y E A, z e Af'-''\ Similarly, we 
identify Rouia^A ®s V ®5 A) = {V ®s A/'(~'=))'^[-2], k = 0,1, 2, by identifying 
which maps l®a(8>l H- ya with the element J^aegi ^^Va- We write = Xlbegi ^®yh°~ '■ 
A®sV ®s A/""^"^') A, and have (l){y®a®z) = yya/3''{z), for a i® ya E (V J^^~''^)^, 
yEA,zE TV^'^). 

Applying the functor HomAe(— , A) to the periodic resolution ( ITOl) we get the Hochschild 
cohomology complex: 

(Ar(2))^[-/,] |i A^[-3] ^ {V ®5 ^)^[-3] ^ (V ®s Af[-2] -fi ^ 

Ar^[-2/i] ^ (Ar(2')^[-/i - 3] ^ (l^ ®5 Ar(2))^[_/i - 3] ^ ®s ^f^'Y[-h - 2] ^ 

... ^ A'[-3h] '"^ Af'[-2h - 3] (V ®s Aff[-2h - 3] 1^-° (i/ ®s Ar)^[-2/i - 2] 1124) 

Proposition 4.1 M^e /iawe /i* = ±/i'^g„j. 

Proof: (i) /ij = -/ig: Let a G ^ and x E A^. Then 

® a® 1) = X o (g)a(>>>l)=a;o(a(g)l — l(g)a)=ax — xa. 

So fil{x) maps 1 (g) a ® 1 H- [a, x], giving = XlaeSi ^ ® ['^'■^l ~ ~/^3(^)- Similarly, 

fil{x) maps l®a®l (-)-ax — x(3{a), giving fil{x) = X^aeSi ^ ® ("^"^ ^ ^/^('^)) ~ ^f^'iii^)^ 
and we also have fil{x) = XlaeSi ^ ® ^'^•^ ~ 2;/3^(a)) = —fij{x). 

(ii) = /i2: Let a' E V and for each a G V let Xa be a homogeneous element in A such 
that a (S) Xa E {V®A)^. Then 

a® Xa o /i2(l CB) a' 1) 

So At2(Eaegi maps lOa'Ol f-^ Eb.fe'eei W^aw(^a;;,/+X;,6')5 giving ^^*2{Y.a&gJ^®^a) = 

Ea,6,fe'egi ^aftft'lo ® bxb> + a® x^h') = ji^ij^aegi ^ ® ^^)- Similarly, /iglEaegi^ ® = 
EaAfe'GSi ^^66' (a ® fexfe/ + a ® = /^iolEaegi « ® and /i^o(EaGgi « ® ^j^) = 

Ea,b,b'eg^ Wabb'ia ® hxy +a® Xb(3\b')) = ^i'^{Y, 

(iii) = For each a G V" let ya be a homogeneous element in A such that a®yaE 
{V^Af. Then 

a®yaO /i3(l (g) 1) 
= ^a®?/aO^(6®6®l-l®6®6) = Yipyb-ybh). 

So /i3(Eaegi a ® "^apS 1 O 1 [6, yb], giving ^3(Ea60i « ® ^a) = EaeSi = 

-/^i(EaGei«'^?/'^)- Similarly, /irlEaeei « ® ?/'^) = EaeSi («^'^ " l/'^/^W) = -^UEaeSi^® 
ya) and /^nlEaeei « ® 2/") = Eaec7i(a^" " Val^^ia)) = -^'^iY^a&g^ a®ya). 

(iv) = /i^2: Let X G v4^. Then 

yLi4(x)(l 1) = X O /i4(l (g) 1) = X O ^ ® = WjXW*, 

i i 
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where {wj} is a homogeneous basis for A and {w*} is its corresponding dual basis. So 
IJ^Kx) maps 1 ® 1 giving fJ^Kx) = '^jWjXW* = /i'^2(^)- Similarly, /ig(x) = 

WjX(5{w*) = fi'^{x) and /iJalx) = J2j Wjxf3'^{w*) = □ 
Thus we see that we can identify, up to a shift in degree, each four-term portion of 
the cohomology complex (l24l) with a portion of the homology complex (fTTj) : 



HH\A) = HHs^,{A)[-3], z = l,2, 

= Mi5_i(A)[-3/i-3], z = 3,...,12, 
HH^^^\A) = HH\A)[-3h], z = l,2,..., 

and the self-duality of the homology complex ( fTTl) yields the relations 

HH\Ay = HH'^-\A), i = l,...,6, 

HH\Ay = HH^^^\A), i = 7,...,ll. 

4.2 The Hochschild cohomology of ^ = A{g, W) 

For HH^{A) = ker(/it)/Im(/i*) = ker(/i*), we have HH^{A) = HH3{A)'[-3] © L, where 
i/i/3(A)' = ©J-^Mgl^), and L = C{n,,(,)| z/(j) = j}. 

Then we have the following results for the Hochschild cohomology of A: 

Theorem 4.2 The Hochschild cohomology of A = A{A^^\W), where W is any cell sys- 
tem on is given by 

HH^{A) = X[-3], HH\A) = X[-3], 

HH\A) = X*[-3], HH^\a) = X*[-3], 

HH^\A) =X[-15], HWiA) = 0, j = 2, . . . , 5, 8, . . . , 11, 

and HH^^+'{A) = HH'{A)[-12] fori > 1, where the graded vector space X has Hilbert 
series Hxif) = t^. 

Theorem 4.3 The Hochschild cohomology of A = A{A^^\W) , where W is any cell sys- 
tem on is given by 

HH^ (A) = X2 [-3] , Ml ( A) = X2 [-3] , 

HH\A) = 0, HH^{A) = 0, 

HH\A) = 0, HH\A) = 0, 

HH\A) = X*[-3], HH\A) = X*[-3], 

HH\A) = X3*[-3], HH\A) = XI[-3], 

HH^°{A) = X3[-18], HH^^{A) = Xs[-18], 

HH^\A.) ^ Xsi-lS], HH^^+\A) ^ HH\A)[-lb], i > 1, 

where the graded vector spaces X2 and X3 have Hilbert series Hxiit) = o-nd Hx-^{t) = t^ 
respectively. 
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Theorem 4.4 The Hochschild cohomology of A = A(A^^\W), where W is any cell sys- 
tem on is given by 

HH^{A) = X[-3] © L, HH\A) = X[-3], 

HH\A) = 0, HH\A) = K*[-3l 

HH\A) = K[-3], HH\A) = 0, 

HH\A) = X*[-3], HH\A) = X*[-3], 

HH\A) = 0, HH\A) = 0, 

MiO(A) = 0, HH^\A) = Q, 

HH^\A) = X[-21], HH^'^+\A) ^ HH\A)[-IS], i > 1, 

where the graded vector spaces L, X and K have Hilbert series Hiit) = t^ , Hx{t) = t^ 
and Hxit) = 2 respectively. 

Theorem 4.5 The Hochschild cohomology of A = A(A^'^\W), where W is any cell sys- 
tem on is given by 

HH^ ( A) ^ ^2 [-3] , HH\A) ^X2[-3], 

HH\A) = 0, HH\A) = K*[-3], 

HH\A) = K[-3], HH\A) = 0, 

HH\A) = X*[-3], HH'^\a) = X*[-3], 

HH\A) = X*[-3], HH\A) = XI[-3], 

HH^°{A) ^ X3[-24], HH^^{A) ^ X3[-24], 

HH^\A) = X2[-24], HH^^+'{A) = HH'{A)[-21], i>l, 

where the graded vector spaces X2, X3 and K have Hilbert series (t) = t^+t^, Hx^ (t) = 
t^ and Hxit) = 2 respectively. 

Theorem 4.6 The Hochschild cohomology of A = A{V^^''\W), k > 1, where W is 
equivalent to one of the cell systems given in 121^ . is given by 



HH^{A) = C*[Qk - 3] © L, HH\A) = C*[Qk - 3] © X*[6k - 3], 

HH\A) ^ C[-3] © X[-3], HH\A) ^ C[-3] © K*[-3], 

HH\A) = C*[-3] © i^[-3], HH^+\A) = HH%A)[-Qk], i > 1, 



where the graded vector spaces C , L, X , K have Hilbert series Hc{t) = X]^=i^ 3t^^ -^-t^'' ^, 
HL{t) = {3k{2k-l)+3)t^''-^ Exit) = t3+^^2fc-2 3^3i^^3fc^^6fc-3 andHKit) = 6k{k-l)+2 
respectively, where for k = 1, Hxif) = 0. 

Theorem 4.7 The Hochschild cohomology of A = A(V^'^''~^^\W) , k > 1, where W is 
equivalent to one of the cell systems given in 121^ . is given by 

HH%A) ^ C*[Qk] © L, HH\A) ^ C*[6k] © X*[Qk], 

HH\A) = C[-3] © X[-3], HH\A) = C[-3] © K*[-3], 

HH\A.)=C*[-3]®K[-3], HH^+\A)^ HH\A)[-Qk-3], i > 1, 

where the graded vector spaces C , L, X , K have Hilbert series Hc(t) = X]^=T^ ^t'^-' + 1^'' , 
HL{t) = {3k{2k + 1) + 3)t6\ Exit) = t^ + '£f=2^ St^i + tSfc and Exit) = 6k'^ respectively. 
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Theorem 4.8 The Hochschild cohomology of A = A{A^'^'^* ,W), n > A, where W is any 
cell system on A^"^* , is given by 

HH^A) ^ C*[n - 3] © L, HH\A) ^ C*[n - 3], 

HH^iA.) = C[-3], HH\A) = C[-3], 

HH\A) = C*[-3], HH^+'{A) = HH\A)[-n], i > 1, 



where the graded vector spaces C, L have Hilbert series Hcif) = X]f=i [('^ ~ j ~ 1)/2J^'' 



andHLit) = [(n - l)/2jt"-3. 

Theorem 4.9 The Hochschild cohomology of A = A(V^^^^* ,W) , k > 1, where W is 
equivalent to one of the cell systems given in 121^ . is given by 

HH^{A) = C*[6k - 3] © L, HH\A) = C*[6k - 3], 

HH^Ia) = C[-3], HH\A) = C[-3] © A'*[-3], 

HH\A) = C*[-3] © i^[-3], HH^+'{A) = HH\A)[-6k], i > 1, 

where the graded vector spaces C , L, K have Hilbert series Hcif) = 'Yl^j=i~^^^'^^ ("^ ~ 
[3j72j)t3i, H^(t) = {9k - 3)t^''^^ and HK{t) = 6k - 4 respectively. 

Theorem 4.10 The Hochschild cohomology of A = A(V^^^~^^\ W) , k > 1, where W is 
equivalent to one of the cell systems given in IF?]/ , is given by 

HH^{A) = C*[6k] © L, HH\A) = C*[Qk], 

HH\A) = C[-3], HH\A) = C[-3] © ir*[-3], 

HH\A) = C7*[-3] © A'[-3], HH^+'{A) = HH\A)[-Qk - 3], i> 1, 

where the graded vector spaces C , L, K have Hilbert series Hcif) = ^j^^"^^^'^-' (m — 
[(3j + l)/2\)t^^, HL{t) = {9k + 3)^6'= and HK{t) = 6k respectively. 

Theorem 4.11 The Hochschild cohomology of A = A{£^^\W), where W is any cell 
system on S^^\ is given by 

HH^ ( A) ^ X2 [-3] , Ml ( A) ^ X2 [-3] , 

HH\A) = C[-3], HH\A) = C[-3] © K*[-3], 

HH\A) = C*[-3] © ^^[-3], HH^{A) = C*[-3], 

HH\A) = X*[-3], HH''{A) = X*[-3], 

HH\A) = HH\A) = X*[-3], 

HH^°{A) = X3[-27], HH^^{A) = X3[-27], 

HH^\A) = X2[-27], HH^^+'{A) = HH'{A)[-24], i > 1, 

where the graded vector spaces C , X2, X3 and K have Hilbert series Hc{t) = t^ , Hx2{t) = 
t^ + Hx-M = 2f and HK{t) = 2 respectively. 

Theorem 4.12 The Hochschild cohomology of A = A{£^^'^* ,W) , where W is any cell 
system on £^^^* , is given by 

HH^A) = C*[5] © L, HH\A) = C*[5], 

HH\A) = C[-3], HH\A) = C[-3] © K*[-3], 

HH\A) = C*[-3\ © K[-3l HH^+\A) = HH\A)[-%1 i > 1, 

where the graded vector spaces C , L, K have Hilbert series Hc{t) = 2t + t^ + t^ + 
Hi{t) = 4t^ and HK{t) = 2 respectively. 
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